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Abstract

This report presents an Expectation-Maximization (EM) algorithm for estimation of the maximum-
likelihood parameter values of constrained multivariate autoregressive Gaussian state-space (MARSS)
models. The MARSS model can be written: x(t)=Bx(t-1)+u+w(t), y(t)=Zx(t)+a+v(t), where w(t) and
v(t) are multivariate normal error-terms with variance-covariance matrices Q and R respectively. MARSS
models are a class of dynamic linear model and vector autoregressive model state-space model. Shumway
and Stoffer presented an unconstrained EM algorithm for this class of models in 1982, and a number of
researchers have presented EM algorithms for specific types of constrained MARSS models since then. In
this report, I present a general EM algorithm for constrained MARSS models, where the constraints are on
the elements within the parameter matrices (B,u,Q,Z,a,R). The constraints take the form vec(M)=f+Dm,
where M is the parameter matrix, f is a column vector of fixed values, D is a matrix of multipliers, and
m is the column vector of estimated values. This allows a wide variety of constrained parameter matrix
forms. The presentation is for a time-varying MARSS model, where time-variation enters through the
fixed (meaning not estimated) f(t) and D(t) matrices for each parameter. The algorithm allows missing
values in y and partially deterministic systems where Os appear on the diagonals of Q or R.
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1 Overview

EM algorithms extend maximum-likelihood estimation to models with hidden states and are widely used in
engineering and computer science applications. This report presents an EM algorithm for a general class of
Gaussian constrained multivariate autoregressive state-space (MARSS) models, with a hidden multivariate
autoregressive process (state) model and a multivariate observation model. This is an important class of
time-series model used in many different scientific fields. The reader is referred to McLachlan and Krishnan
(2008) for general background on EM algorithms and to Harvey (1989) for a discussion of EM algorithms for
time-series data. Borman (2009) has a nice tutorial on the EM algorithm.

Before showing the derivation for the constrained case, I first show a derivation of the EM algorithm for
unconstrained! MARSS model. This EM algorithm was published by Shumway and Stoffer (1982), but my
derivation is more similar to Ghahramani et al’s (Ghahramani and Hinton, 1996; Roweis and Ghahramani,
1999) slightly different presentation. One difference in my presentation and all these previous presentations,
however, is that I treat the data as a random variable throughout; this means that there are no “special"
update equations for the missing values case. Another difference is that I present the update equations for
both stochastic initial states and fixed initial states. I then extend the derivation to constrained MARSS
models where there are fixed and shared elements in the parameter matrices and to the case of degenerate
MARSS models where some processes in the model are deterministic rather than stochastic. See also Wu
et al. (1996) and Zuur et al. (2003) for other examples of the EM algorithm for different classes of constrained
MARSS models.

When working with MARSS models, one should be cognizant that misspecification of the prior on the
initial hidden states can have catastrophic and difficult to detect effects on the parameter estimates. There is
often no sign that something is amiss with the MLE estimates output by an EM algorithm. There has been
much work on how to avoid these initial conditions effects; see especially literature on vector autoregressive
state-space models in the economics literature. The trouble often occurs when the prior on the initial states
is inconsistent with the distribution of the initial states that is implied by the maximum-likelihood model.
This often happens when the model implies a specific covariance structure on the initial states, but since
the maximum-likelihood parameters are unknown, this covariance structure is unknown. Using a diffuse
prior does not help since your diffuse prior still has some covariance structure (often independence is being
imposed). In some ways the EM algorithm is less sensitive to a misspecified prior because it uses the smoothed
states conditioned on all the data. However, if the prior is inconsistent with the model, the EM algorithm
will not (cannot) find the MLEs. It is very possible however that it will find parameter estimates that are
closer to what you intend (estimates uninfluenced by the prior), but they will not be MLEs. The derivation
presented here allows one to circumvent these problems by treating the initial states as fixed (and estimated)
parameters. The problematic initial state variance-covariance matrix is removed from the model, albeit at
the cost of additional estimated parameters.

Finally, when working with MARSS models, one needs to ensure that the model is identifiable; i.e., a
unique solution exists. For a given MARSS model, some of the parameter elements will need to be fixed (not
estimated) in order to produce a model with one solution. How to do that depends on the MARSS model
being fitted and is up to the user.

1.1 The MARSS model
The linear MARSS model with a stochastic initial state? is

z; = Bx;_1 +u+w;, where W, ~ MVN(0, Q) (1a)
y, = Zx; + a+ v, where V; ~ MVN(0,R) (1b)
Xo~ MVN(A) (1c)

The y equation is called the observation process, and y, is a n x 1 vector. The x equation is called the state
or process equation, and x; is a m x 1 vector. The equation for x describes a multivariate autoregressive
process (also called a random walk or Markov process). w are the process errors and are specific realizations
of the random variable W'; v is defined similarly. The initial state can either defined at ¢ = 0, as is done in

l4ynconstrained” means that each element in the parameter matrix is estimated and no elements are fixed or shared.

2¢Stochastic’ means the initial state has a distribution rather than a fixed value. Because the process must start somewhere,
one needs to specify the initial state. In equation 1, I show the initial state specified as a distribution. However, the derivation
will also discuss the case where the initial state is specified as an unknown fixed parameter.



equation 1, or at t = 1. When presenting the MARSS model, I use ¢ = 0 but the derivations will show the
EM algorithm for both cases. Q and R are variance-covariance matrices that specify the stochasticity in the
observation and state equations.

In the MARSS model, x and y equations describe two stochastic processes. By tradition, one conditions
on observations of y, and z is treated as completely hidden, hence the name ‘hidden Markov process’ of which
a MARSS model is a special type. However, you could condition on (partial) observations of £ and treat y as
a (partially) hidden process—with as usual proper constraints to ensure identifiability. Nonetheless in this
report, I follow tradition and treat  as hidden and y as (partially) observed. If z is partially observed then
the update equations stay the same but the expectations shown in section 6 would be computed conditioned
on the partially observed x.

The first part of this report will review the derivation of an EM algorithm for the time-constant MARSS
model (equation 1). However the main objective of this report is to show the derivation of an EM algorithm
to solve a much more general MARSS model (section 4), which is a MARSS model with linear constraints
on time-varying parameters:

xry = tht—l +us + Gtwt, where Wt ~ MVN(O, Qt)
Yy, = tht +a; + Ht'l)t, where Vt ~ :’N\d\/:N(O7 Rt) (2)
xo = &+ Fl, wherel ~ MVN(0, A)

The initial state can either defined at t = 0, as is done in equation 2, or at ¢t = 1.

The linear constraints appear as the vectorization of each parameter (B, u, Q, Z, a, R, £, A) is described
by the relation f; + D;m. This relation specifies linear constraints of the form f3; + B4,a + B b+ ... on
the elements in each MARSS parameter matrix. Equation 2 is a much broader class of MARSS models
that includes MARSS models with exogenous variable (covariates), AR-p models, moving average models,
constrained MARSS models and models that are combinations of these. The derivation also includes partially
deterministic systems where G, H; and F may have all zero rows.

1.2 The joint log-likelihood function

Equation 2 describes a multivariate stochastic process and Y; and X; are random variables whose distri-
butions are given by Equation 2. Denote a specific realization of these random variables as y and & which
denotes a set of all y’s and x’s from ¢t = 1 to T. The joint log-likelihood® of y and x can then be written then
as follows*, where X; denotes the random variable and z; is a realization from that random variable (and
similarly for Y):5
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3This is not the log likelihood output by the Kalman filter. The log likelihood output by the Kalman filter is the log L(y; ©)
(notice & does not appear), which is known as the marginal log likelihood.

4The log-likelihood function is shown here for the MARSS with non-time varying parameters (equation 1).

5To alleviate clutter, I have left off subscripts on the f’s. To emphasize that the f’s represent different density functions, one
would often use a subscript showing what parameters are in the functions; i.e., f(x¢|X:—1 = x:—1) becomes fp . (%t X:—1 =
a:,g_l).



Here z!? denotes the set of ; from ¢ = ¢1 to t = #2 (and thus z is shorthand for 7). The third line follows
because conditioned on z, the y,’s are independent of each other (because the v; are independent of each
other). In the last line, :1:371 becomes ;1 from the Markov property of the equation for z; (equation la),
and & becomes z; because y, depends only on z; (equation 1b).

Since (X¢|X¢—1 = ®:—1) is multivariate normal and (Y| X; = ;) is multivariate normal (equation 1),
we can write down the joint log-likelihood function using the likelihood function for a multivariate normal
distribution (Johnson and Wichern, 2007, section 4.3).
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n is the number of data points. This is the same as equation 6.64 in Shumway and Stoffer (2006). The above
equation is for the case where x is stochastic (has a known distribution). However, if we instead treat z( as
fixed but unknown (section 3.4.4 in Harvey, 1989), it is then a parameter and there is no A. The likelihood
then is slightly different. x is defined as a parameter £ and
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& appears in the likelihood for ;1 when ¢ = 1 in the summation. Note that in this case, zg is no longer
a realization of a random variable Xg; it is a fixed (but unknown) parameter. Equation 7 is written as if
all the zo are fixed, however when the general derivation is presented, it is allowed that some x( are fixed
(A=0) and others are stochastic.

If R is constant through time, then ZIT 1log |R| in the likelihood equation reduces to Z log |R/, however
R might be time-varying or one may need to include a time-dependent weighting on R°. The same applies
to > +log|Ql.

All bolded elements are column vectors (lower case) and matrices (upper case). AT is the transpose of
matrix A, A~' is the inverse of A, and |A| is the determinant of A. Parameters are non-italic while elements
that are slanted are realizations of a random variable (z and y are slated)”

l\')\»—l

1.3 Missing values

In Shumway and Stoffer and other presentations of the EM algorithm for MARSS models (Shumway and
Stoffer, 2006; Zuur et al., 2003), the missing values case is treated separately from the non-missing values
case. In these derivations, a series of modifications are given for the EM update equations when there are
missing values. In my derivation, I present the missing values treatment differently, and there is only one set
of update equations and these equations apply in both the missing values and non-missing values cases. My
derivation does this by keeping E[Y;|data] and E[Y X, |data] in the update equations (much like E[X|data]
is kept in the equations) while Shumway and Stoffer replace these expectations involving Y; by their values,
which depend on whether or not the data are a complete observation of Y; with no missing values. Section
6 shows how to compute the expectations involving Y; when the data are an incomplete observation of Y.

61f for example, one wanted to include a temporally dependent weighting on R replace |R| with |a:R| = a7 |R|, where oy
is the weighting at time ¢ and is fixed not estimated.

“In matrix algebra, a capitol bolded letter indicates a matrix. Unfortunately in statistics, the capitol letter convention is
used for random variables. Fortunately, this derivation does not need to reference random variables except indirectly when using
expectations. Thus, I use capitols to refer to matrices not random variables. The one exception is the reference to X and Y. In
this case a bolded slanted capitol is used.



2 The EM algorithm

The EM algorithm cycles iteratively between an expectation step (the integration in the equation) followed
by a maximization step (the arg max in the equation):

0y1 = orgmgs | [ 10w Lia: 0@yl (1) =y(1),0, dady (®)

Y (1) indicates those Y that have an observation and y(1) are the actual observations. Note that © and
©; are different. If © consists of multiple parameters, we can also break this down into smaller steps. Let

© = {a, f}, then
41 = arg max /z /y log L(z,, 855 0) f (2. y|Y (1) = y(1), ay, B;)dady (9)

Now the maximization is only over «, the part that appears after the *;” in the log-likelihood.

Expectation step The integral that appears in equation 8 is an expectation. The first step in the EM
algorithm is to compute this expectation. This will involve computing expectations like E[X ;X ;r Y.(1) =
y,(1),0;] and E)Y. X/ |Y,(1) = y,(1), ©;]. The j subscript on O denotes that these are the parameters at
iteration j of the algorithm.

Maximization step: A new parameter set ©;,; is computed by finding the parameters that maximize
the expected log-likelihood function (the part in the integral) with respect to ©. The equations that give the
parameters for the next iteration (j + 1) are called the update equations and this report is devoted to the
derivation of these update equations.

After one iteration of the expectation and maximization steps, the cycle is then repeated. New expecta-
tions are computed using ©;41, and then a new set of parameters © ;- is generated. This cycle is continued
until the likelihood no longer increases more than a specified tolerance level. This algorithm is guaranteed to
increase in likelihood at each iteration (if it does not, it means there is an error in one’s update equations).
The algorithm must be started from an initial set of parameter values ©;. The algorithm is not particularly
sensitive to the initial conditions but the surface could definitely be multi-modal and have local maxima. See
section 11 on using Monte Carlo initialization to ensure that the global maximum is found.

Dividing the parameters into parts: Above the parameter set is written as ©. However © is composed
of multiple components: B, u, R, etc. The EM iteration j is broken into subparts for each parameter matrix
and both the maximization and expectation steps are done for each part. For example, the expectation
step is run with parameters {B;,u;,R;,...} and then B is updated to B;;; with the maximization step.
The expectation step is run with parameters {Bj;1,u;,R;,...} and the uis updated to u;;; with the
maximization step. The expectation step is run with parameters {B; 1, u;41,R;,...} and the R is updated.
This is continued until all parameters in © are updated and that completes the j + 1 update.

2.1 The expected log-likelihood function

The function that is maximized in the “M” step is the expected value of the log-likelihood function. This
expectation is conditioned on two things: 1) the observed Y’s which are denoted Y (1) and which are equal to
the fixed values y(1) and 2) the parameter set ©;. Note that since there may be missing values in the data,
Y (1) can be a subset of Y, that is, only some Y have a corresponding y value at time ¢t. Mathematically what
we are doing is Exv[g(X,Y)[Y (1) = y(1), ©,]. This is a multivariate conditional expectation because X,Y is
multivariate (a m x n x T vector). The function ¢g(©) that we are taking the expectation of is log L(Y, X ; ©).
Note that ¢(©) is a random variable involving the random variables, X and Y, while log L(y,; ©) is not a
random variable but rather a specific value since y and x are a set of specific values.

We denote this expected log-likelihood by W. The goal is to find the © that maximize ¥ and this becomes
the new O for the j + 1 iteration of the EM algorithm. The equations to compute the new © are termed the
update equations. Using the log likelihood equation 6 and expanding out all the terms, we can write out ¥



in verbose form as:

v los LOY X503 (1) =4(1), 0 = ¥ =

- 72 ( R'Y] - EY/R'ZX,] - E[(ZX,)'R"'Y,] - Ela'R"'Y,] - E[Y/ R 'a]
E[(ZX:;)'R™'ZX] + Ea"'R™'ZX,] + E[(ZX,) "R 'a] + E[aTR—la}> — glog|R|

~3 Z ( Q'X - EX/Q'BX, 1] - E[(BX, 1) Q'X}] (10)
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All the E[ | appearing here denote Exvy([g()[Y (1) = y(1),0;]. In the rest of the derivation, I drop the
conditional and the XY subscript on E to remove clutter, but it is important to remember that whenever
E appears, it refers to a specific conditional multivariate expectation. If g is treated as fixed, then Xy = &
and the last line involving A is dropped but it will appear in place of X;_1 when ¢ = 1 in the summation.

Keep in mind that © and ©; are different. © is a parameter appearing in function ¢(X,Y,0), i.e., the
parameters in equation 6. X and Y are random variables which means that g(X,Y, ©) is a random variable.
We take the expectation of g(X,Y, ©), meaning we take integral over the joint distribution of X and Y. We
need to specify what that distribution is and the conditioning on ©; (meaning the ©; appearing to the right
of the | in E[g()|©,]) is specifying this distribution. This conditioning affects the value of the expectation
of g(X,Y,0), but it does not affect the value of ©, which are the R, Q, u, etc. values on the right side of
equation 10. We will first take the expectation of g(X,Y, ©) conditioned on ©; (using integration) and then
take the differential of that expectation with respect to ©.

2.2 The expectations used in the derivation

The following expectations appear frequently in the update equations and are given special names®:

= Exv[X[Y (1) = y(1),0,] (11a)
ye = Exy[Y[Y (1) = y(1),6;] (11b)
P, = Exvy[X. X/ |V (1) = y(1), 6] (11c)
Pii1 = Exy[X: X[, |Y (1) =y(1),0,] (11d)
Vi = varxy XY (1) =y(1),0;] = P, — %X, (11e)
O, = Exy[Y:Y{ [Y(1) = y(1), 6] (11f)
W, = varxy[Y4[Y (1) =y(1),6,] = Or 3,5/ (11g)
yx, = Exy[Y. X/ [Y (1) =y(1), 6] (11h)
YXii-1 = Bxy[Yi XY (1) =y(1),0)] (113)

The subscript on the expectation, E, denotes that this is a multivariate expectation taken over X and Y.
The right sides of equations 11e and 11g arise from the computational formula for variance and covariance:

var[X] = E[XX "] — E[X|E[X]" (12)
cov[X,Y] = E[XY '] - EX]E[Y] . (13)

Section 6 shows how to compute the expectations in equation 11.

8This notation is different than what you see in Shumway and Stoffer (2006), section 6.2. What T call ‘7}, they refer to as
P}, and my P; would be P]* + XX} in their notation.



Table 1: Notes on multivariate expectations. For the following examples, let X be a vector of length three, X, X2, X3.
f() is the probability distribution function (pdf). C is a constant (not a random variable).

Ex[9(X)] = [ [ [ g9(x)f(z1, 22, z3)dx1dzodas

EX[Xl] = fffl’lf(l'l,l'g,xg)dl'ldl'gdmg = fxlf(:cl)dxl = E[Xl]
Ex[X1 + Xo] = Ex[X1] + Ex[X3]

Ex[X: + C] = Ex[Xi]+C

Ex[CX,] = CEx[X;

Ex[X‘X = x] =X

3 The unconstrained update equations

In this section, I show the derivation of the update equations when all elements of a parameter matrix are
estimated and are all allowed to be different, i.e., the unconstrained case. These are similar to the update
equations one will see in Shumway and Stoffer (2006). Section 5 shows the update equations when there are
unestimated (fixed) or estimated but shared values in the parameter matrices, i.e., the constrained update
equations.

To derive the update equations, one must find the ©, where O is comprised of the MARSS parameters
B, u, Q, Z, a, R, & and A, that maximizes ¥ (equation 10) by partial differentiation of ¥ with respect to
©. However, I will be using the EM equation where one maximizes each parameter matrix in © one-by-one
(equation 9). In this case, the parameters that are not being maximized are fixed (and set at their current
iteration value), and then one takes the derivative of U with respect to the parameter of interest. Then solve
for the parameter value that sets the partial derivative to zero. The partial differentiation is with respect
to each individual parameter element, for example each u;; in matrix u. The idea is to single out those
terms in equation 10 that involve w; ; (say), differentiate by w; ;, set this to zero and solve for u; ;. This
gives the new u; ; that maximizes the partial derivative with respect to u; ; of the expected log-likelihood.
Matrix calculus gives us a way to jointly maximize ¥ with respect to all elements (not just element 7, j) in
a parameter matrix.

Note, see the comments on the EM algorithm implementation (Section 2) when the parameter set ©
is broken into parts (e.g., B, u, Q, etc.). In the implementation of the algorithm, one updates the ©
parts sequentially and the expectation step is re-run with the new © at each step (meaning the Kalman
smoother is re-run with the updated parameters). Thus the algorithm is applied as follows (order that the
parameters are updated is unimportant): E-step with {B;, u;, Q;, etc.}, M-step updates B to B; 1, E-step
with {Bj 1, u;, Q;, etc.}, M-step updates u; to u;i1, E-step with {Bj1,u;11,Q;, etc.}, M-step updates Q
to Q;,;, continuing until all parameters are updates which completes the j + 1 update.

3.1 Matrix calculus need for the derivation

A number of derivatives of a scalar with respect to vectors and matrices will be needed in the derivation and
are shown in table 2. The partial derivative of a scalar (¥ is a scalar) with respect to some column vector b
(which has elements by, bs . . .) is

ov _fov 0w - 0¥
ob  |[9b  Ob, b,



Note that the derivative of scalar with respect to a column vector b is a row vector. The partial derivatives
of a scalar with respect to some m X m matrix B is

r oV ov oV 7
abm abg,l abm,l
ov  ov 0%
87\11 _ ab1,2 6172,2 abm,2
0B
ov ov ov
(91 Obom o

Note that the indexing is interchanged; 0¥ /0b; ; = [8\11 / QBL, ;- For Q and R, this is unimportant because
they are variance-covariance matrices and are symmetric. For B and Z, one must be careful because these

may not be symmetric. The partial derivatives of a column vector a with respect to a column vector b.

[0 day - O]

0by  0Oby 0b,,

Qaz OV Oaz
OV | 0by  Oby by,
0B

[ 9b, by Dby

In table 2, both the vectorized and non-vectorized versions are shown. The vectorized version of a matrix
D with dimension n x m is

dl,l
dn,l
d1,2

vec(Dy,m) d
n,2

)

dl,m

dn,m

3.2 The update equation for u (unconstrained)

Take the partial derivative of ¥ with respect to u, which is a m x 1 matrix. All parameters other than u are
fixed to constant values (because partial derivation is being done). Since the derivative of a constant is 0,
terms not involving u will equal 0 and drop out. Taking the derivative to equation 10 with respect to u:

T
ou/ou =~ 3 (- A(BXTQ u)/ou - OBl Q 1 Xi])/0u

(21)
+O(B(BX,_1) Q 'u])/0u+ d(Eu" Q 'BX,_,])/0u + 3(uTQ1u)/3u>



Table 2: Derivatives of a scalar with respect to vectors and matrices. In the following a is a scalar (unrelated to a),
a and c are n X 1 column vectors, b and d are m x 1 column vectors, D is a n X m matrix, C is a n X n matrix,
and A is a diagonal n x n matrix (0s on the off-diagonals). C™*' is the inverse of C, C" is the transpose of C,
c T = (C_l)T = (CT)_I, and |C]| is the determinant of C. Note, all the numerators in the differentials on the far
left reduce to scalars. Although the matrix names may be the same as those of matrices referred to in the text, the
matrices in this table are dummy matrices used to show the matrix derivative relations.

d(f'g)/0a=f"0g/0a+ g Of /9a

f = f(a) and g=g(a) are m x 1 column vectors and functions of a.
da/0a = L9a/0g 0g/0a

0f /0a = Lof /0g 0g/0a

(14)

d(a'c)/0a=0d(c"a)/da=c'
O0a/0a=0(a")/0a=1,

d(a™Db)/dD = (b ' D"a)/0D =ba "
d(a"Db)/dvec(D) = d(b D" a)/d vec(D) = (vec(ba’)) "

C is invertible.

d(10g [C[)/0C = —d(log |C~)/9C = (€)1 = €T
T
d(log |C|) /0 vec(C) = (vec(C T)) (17)
If C is also symmetric and B is not a function of C.
d(log|C"BC|)/0C = 2C~!

d(log |CTBC|)/dvec(C) = 2(vec(C™)) "

d(b'D'CDd)/dD =db'D'C+bd ' D'CT
d(b"DTCDA)/d vec(D) = (vec(db'D'C + deDTCT)er (18)
If b=d and C is symmetric then the sum reduces to 2bb' D" C

d(a’Ca)/da=0d(aC a")/da=2aTC (19)

da’'C tc)/oC = -C tacTC™!

B(aTCflc)/Bvec(C) = _(Vec(cflaCTCfl))T (20)




The parameters can be moved out of the expectations and then the matrix derivative relations (table 2) are
used to take the derivative.

T

ovjom =33 (— EX]TQ! - EX)]"Q" + (BEIX, 1))’ Q" + (BEIX, 1))’ Q" +2uTQ_1>
- (22)
This also uses Q' = (Q!)T. This can then be reduced to
T
ov/ou=> (EX/]'Q'-EX,1]'B'Q"'—u’Q™") (23)
=1

Set the left side to zero (a p x m matrix of zeros) and transpose the whole equation. Q! cancels out? by
multiplying on the left by Q (left since the whole equation was just transposed), giving

0= XT: ~BE[X, 1] - u) :ZT: ~BE[X,]) - (24)

t=1 t=1

Solving for u and replacing the expectations with their names from equation 11, gives us the new u that

maximizes ¥,
T

1 ~ ~
Ut = T Z (Xt — Bthl) (25)
t=1
3.3 The update equation for B (unconstrained)

Take the derivative of ¥ with respect to B. Terms not involving B, equal 0 and drop out. I have put
the E outside the partials by noting that 0( E[h(X,B)])/0B = E[0(h(X,B))/0B] since the expectation is
conditioned on B; not B.

OV /OB = —% > (— E[0(X, Q 'BX,_,)/0B]
~ E[(BX,_1) Q' X,)/0B] + E0((BX,_)” Q" (BX,_,))/0B]
E[0((BX;_1)'Q 'u)/0B] + E[a(uTQ—lBXH)/aBD

1 Q!
=—2t§j( 9(X] Q'BX,_.])/0B]

E[0(X] ,B'Q'X,)/0B| + E[o(X, ,B'Q ' (BX,_,))/0B|
E[p(X] BTQ 'w)/0B] + E[a<uTQ1BXt_1>/aB)1

After pulling the constants out of the expectations, we use relations 16 and 18 to take the derivative and
note that Q' = (Q™H:

!

1 _ _
oV/0B = D) Z ( E[X,- 1XT]Q [Xt71X;r]Q !
t=1 (27)
+2EX, X B'"Q '+ EX, 1 Ju'Q '+ E[Xt_l]uTQl)
This can be reduced to
T
OV /0B = 7% > ( 2B[X, 1 X]]Q '+ 2E[X, 1 X, /B'Q '+ 2E[Xt1}uTQ1> (28)
t=1

9Q is a variance-covariance matrix and is invertible. Q ~'Q = I, the identity matrix.
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Set the left side to zero (an m x m matrix of zeros), cancel out Q' by multiplying by Q on the right, get
rid of the -1/2, and transpose the whole equation to give

0=

E

(E[XtXtT—l] - BE[Xt—lXtT—l] - UE[XtT—ﬂ)

(29)
(ist,tfl — Bf)t,1 — uﬁll)

I
P I

o~
Il

1

The last line replaced the expectations with their names shown in equation 11. Solving for B and noting
that P;_; is like a variance-covariance matrix and is invertible, gives us the new B that maximizes ¥,

B, = (XT:(PM | —ux, )(Zpt 1) (30)

t=1

Because all the equations above also apply to block-diagonal matrices, the derivation immediately gener-
alizes to the case where B is an unconstrained block diagonal matrix:

(D11 bio b1z O 0 0 0 0
b271 b2,2 b273 0 0 0 0 0
b371 b3,2 b373 0 0 0 0 0

B_|0 0 0 by bus 0 0 0 _ ]?)1 ]g 8
0 0 0 bsg bss O 0O 0O 0 02 B.
0 0 0 0 0 bss bsr bes 3
0 0 0 0 0 b776 b777 b7)8
L 0 0 0 0 0 b8,6 6877 bg,g_

For the block diagonal B,

o= (£ i) (£0)

where the subscript ¢ means to take the parts of the matrices that are analogous to B;; take the whole part
within the parentheses not the individual matrices inside the parentheses. If B; is comprised of rows a to b
and columns ¢ to d of matrix B, then take rows a to b and columns ¢ to d of the matrices subscripted by 4
in equation 31.

3.4 The update equation for Q (unconstrained)

The usual way to do this derivation is to use what is known as the “trace trick” which will pull the Q!
out to the left of the ¢ Q 'b terms which appear in the likelihood (equation 10). Here I'm showing a less
elegant derivation that plods step by step through each of the likelihood terms. Take the derivative of W
with respect to Q. Terms not involving Q equal 0 and drop out. Again the expectations are placed outside
the partials by noting that d(E[h(X¢, Q)])/0Q = E[0(h(X:,Q))/0Q].

T

0v/0q = -1 3 ((E0(X] Q"'X,)/0Q] - EO(X] @ 'BX,-1)/0Q
— E[0((BX,-1)"Q7'X,)/0Q] — E[0(X, Q 'u)/0Q]
~ E[0(u"Q"'X,)/0Q] + E[0((BX,_1)"Q 'BX,_1)/0Q] (32)

+ E[0((BX;_1)'Q 'u)/0Q] + E[o(u' Q 'BX;_1)/0Q]
+0(Q Mw/oq) o Fioxll) 00

The relations (20) and (17) are used to do the differentiation. Notice that all the terms in the summation
are of the form ¢’ Q 'b, and thus after differentiation, all the ¢ b terms can be grouped inside one set of
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parentheses. Also there is a minus that comes from equation 20 and it cancels out the minus in front of the
initial —1/2.

T
00/0Q =13 (BXX]) - BX.(BX,0)"| - BBX(1X[] - BiXw'] - Blux]]
=1 (33)
T

fol

+ EBX, 1(BX; 1)']+ E[BX, 1u']+ Eu(BX,,)"] + UUT)Ql -3

Pulling the parameters out of the expectations and using (BX;)T = X,/ B', we have

T
ou/oq =13 Q" (E[thi |- BIX.X] BT - BE[X, ,X]] - E[X,Ju’ - uB[X]]
t=1

(34)
ZQfl

+BE[X, X/ ,]BT + BE[X, jJu’ +uE[X/ ,|BT + uuT>Q1 -5

The partial derivative is then rewritten in terms of the Kalman smoother output:

T
1 (= = ~ - N
0v/0Q = 3 > Q! (Pt —~P,,1B" —BP,_;;, —%Xu' —ux/
t=1 (35)
~ _ _ _ T
+BP,_,B" +Bx,_ju’ +ux, B’ + uuT)Q T 5Q !

Setting this to zero (a m x m matrix of zeros), Q! is canceled out by multiplying by Q twice, once on the
left and once on the right and the 1/2 is removed:

T
TQ = Z (f)t — f)t’tleT - Bf)tfl’t - )~(tuT — ui: + Bf)tleT + Bit,lu—r + u;(;[lBT + uuT) (36)

t=1

This gives us the new Q that maximizes VU,

T
1 - ~ _ _
Q1 = T Z <Pt ~-P,, B"—BP,_;, —Xu' —ux/
t=1 (37)
+ BlﬁS,g_lB—r +Bx,_ju' + u)AE,Zr_lB—r + uuT)
This derivation immediately generalizes to the case where Q is a block diagonal matrix:
(11 @12 @3 O 0 0 0 0
g2 G22 q23 O 0 0 0 0
g3 923 g3 O 0 0 0 0
Q|0 0 0w as 0 0 0| (G000
0 0 0 @us g¢s5 0 0 0 0 02 Q
0 0 0 0 0 age6 G677 Q6,8 3
0 0 0 0 0 g7 qr7 qrs
| 0 0 0 0 0 gs qrs Gss]
In this case,
1/~ =~ -
Qi,j-‘rl = T Z (Pt — Pt’tleT — BPtht — ituT — uitT
t=1 (38)

(3

+ Bﬁt_lBT +Bx,_ju' + uij_lBT + uuT)

where the subscript ¢ means take the elements of the matrix (in the big parentheses) that are analogous to
Q;; take the whole part within the parentheses not the individual matrices inside the parentheses). If Q,
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is comprised of rows a to b and columns ¢ to d of matrix Q, then take rows a to b and columns ¢ to d of
matrices subscripted by ¢ in equation 38.

By the way, Q is never really unconstrained since it is a variance-covariance matrix and the upper and
lower triangles are shared. However, because the shared values are only the symmetric values in the matrix,
the derivation still works even though it’s technically incorrect (Henderson and Searle, 1979). The constrained
update equation for Q shown in section 5.8 explicitly deals with the shared lower and upper triangles.

3.5 Update equation for a (unconstrained)

Take the derivative of ¥ with respect to a, where a is a n x 1 matrix. Terms not involving a, equal 0 and
drop out.
1 I
O /0a=—; > ( — (E[Y,/R'a])/0a — d(E[a' R™'Y,])/da

t=1

(39)
+ d(E[(ZX,) "R 'a])/0a+ O(E[a' R™'ZX,])/da + O( E[aTRla])/aa>

The expectations around constants can be dropped!. Using relations (15) and (19) and usingR™* = (R™!)7,
we have then

W /da = —% > ( — E[Y/R7'] - E[Y/R']+ E[(ZX,)"R7'| + E[(ZX,)"R7!] + 2aTR—1) (40)
t=1

Pull the parameters out of the expectations, use (ab)T = b'a’ and R™! = (R™!)T where needed, and
remove the —1/2 to get

T
0V /0a ="y (E[Yt]TRl —EX,]"Z2'R' - aTR1> (41)

t=1

Set the left side to zero (a 1 x n matrix of zeros), take the transpose, and cancel out R~ by multiplying by
R, giving

T T
0=> (E[Y,]-ZEX,—a)=> (y,—Z% —a) (42)
t=1 t=1
Solving for a gives us the update equation for a:
T
ajy1 = Z Vi — Z%;) (43)

3.6 The update equation for Z (unconstrained)

Take the derivative of ¥ with respect to Z. Terms not involving Z, equal 0 and drop out. The expectations
around terms involving only constants have been dropped.

0V /I0Z = (note 0Z is m x n while Z is n x m)

T
- %Z < — E[0(Y,R'ZX,)/0Z] — E[0(ZX,)"R™'Y,)/0Z] + E[0((ZX,)"R™'ZX,)/0Z]
+ E[0((ZX,) "R 'a)/0Z] + E[a(aTR1ZXt)/8Z}>
=—— Z ( R 'ZX,)/0Z) — E[0(X]Z"R7'Y,)/0Z] + E[0(X] Z"R™'ZX,)/0Z]

E[0(X]Z "R 'a)/0Z] + E[a(aTR—lth)/az]>

O0because Exy (C) = C, where C is a constant.
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Using the matrix derivative relations (table 2) and using R™' = (R™)T, we get

T
OV /97 = _% 3 ( —- EX, YR Y-E[X,Y/R 7}
t=1 (45)
+2E[X, X,/ Z'R7'+ EX, 1a'R7] + E[XtaTR1]>
Pulling the parameters out of the expectations and getting rid of the —1/2, we have
oV /07 = Z ( X, Y/JR'- EX.X/]Z'" R ! - E[Xt]aTR‘l) (46)

Set the left side to zero (a m x n matrix of zeros), transpose it all, and cancel out R ™! by multiplying by R
on the left, to give

T T
0=> (E[Y.X/]-ZEX,X/]-aE[X/]) =) (yx,— ZP; — aX, ) (47)
t=1

t=1

Solving for Z and noting that P, is invertible, gives us the new Z:

Zjy1 = (i (yx, —ax/ ) (Z Pt) (48)

t=1

3.7 The update equation for R (unconstrained)
Take the derivative of ¥ with respect to R. Terms not involving R, equal 0 and drop out. The expectations
around terms involving constants have been removed.

T
OV /R = f% > <E[a(YleYt)/aR} — E[0(Y,R'ZX,)/0R] — E[0((ZX,)"R™'Y,)/0R]
— EjaY; R:la)/aR] — E[0(a"R"'Y,)/0R] + E[0((ZX,)"R™'ZX,)/0R] (49)

T
+ E[0((ZX;) "R 'a)/0R] + E[0(a' R™'ZX,)/0R] + 8(aTR_1a)/8R) - 8(§log\R|)/8R
We use relations (20) and (17) to do the differentiation. Notice that all the terms in the summation are of

the form ¢ R™'b, and thus after differentiation, we group all the ¢'b inside one set of parentheses. Also
there is a minus that comes from equation 20 and cancels out the minus in front of —1/2.

OV /OR, = %ZR—1 (E[YthT] — E[Y((ZX,)"] - E[ZX,Y]] - E[Y,a"] — E[aY/]

(50)
T
E[ZX,(ZX,) "]+ E[ZX,a"] + E[a(ZX,)"] + aaT>R_1 - §R_1
Pulling the parameters out of the expectations and using (ZY;)" = Y: Z", we have
T
1
OV/OR = 5 > R (E[YthT] — E[Y,X/]Z" - ZE[X,Y,] - E[Y]Ja" —aE[Y/]
=1 (51)
T
+ZE[X, X2 + ZE[X Ja" +aE[X, 2" + aaT) R — ER”
We rewrite the partial derivative in terms of expectations:
1< -
OV/OR = - > R <0t ~yx,2" - Zyx, -y, —ay,
t=1 (52)
~ - - T
+ZP,Z" +Zx,a +ax, Z" + aaT)Rl - §R*1
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Setting this to zero (a m x n matrix of zeros), we cancel out R™" by multiplying by R twice, once on the left
and once on the right, and get rid of the 1/2.

T
TR = Z <(~)t —yx,2" —Zyx; —y,a' —ay] +ZP,Z" +ZXa' +ax, Z' + aaT) (53)
t=1
We can then solve for R, giving us the new R that maximizes ¥,
1/~ -
R; > (ot —yx,Z" —Zyx, —y,a' —ay, + ZP,Z" +Zx;a' +aX,Z' + aaT) (54)

+1= 5
Tt:l

As with Q, this derivation immediately generalizes to a block diagonal matrix:

R; O 0
R=|0 R; O
0 0 Rs
In this case,
1SN/~ -
Rij+1 = T Z (Ot —yx,Z" —Zyx, —y,a' —ay, +ZP,Z" +Zx;a' +aX,Z' + aaT) (55)

t=1

where the subscript ¢ means we take the elements in the matrix in the big parentheses that are analogous to
R;. If R; is comprised of rows a to b and columns ¢ to d of matrix R, then we take rows a to b and columns
¢ to d of matrix subscripted by i in equation 55.

3.8 Update equation for £ and A (unconstrained), stochastic initial state

Shumway and Stoffer (2006) and Ghahramani and Hinton (1996) imply in their discussion of the EM algorithm
that both & and A can be estimated (though not simultaneously). Harvey (1989), however, discusses that
there are only two allowable cases: xg is treated as fixed (A = 0) and equal to the unknown parameter £ or
xg is treated as stochastic with a known mean & and variance A. For completeness, we show here the update
equation in the case of z stochastic with unknown mean & and variance A (a case that Harvey (1989) says
is not consistent).

We proceed as before and solve for the new £ by minimizing W. Take the derivative of ¥ with respect to
& . Terms not involving &, equal 0 and drop out.

0006 = 1 (— D(BIET A~ Xo))/06 — (ELX] A~'€]) /06 + 0(€T A€ /0€) (56)

Using relations (15) and (19) and using A~' = (A™")T, we have

O /9€ — —%( CEXJATY - E[XJAY +26TA Y (57)

Pulling the parameters out of the expectations, we get
1
oV /0E = 7( —2E[X ]A  +26TATY) (58)

We then set the left side to zero, take the transpose, and cancel out —1/2 and At (by noting that it is a
variance-covariance matrix and is invertible).

0= (A E[Xo] + A1) = (R0 — €) (59)

Thus,
€j+1 = Xo (60)
Xg is the expected value of X conditioned on the data from ¢t = 1 to 7', which comes from the Kalman
smoother recursions with initial conditions defined as E[X(|Y( = y,] = §; and Var(XOXE,r Yo =1y = A,
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(meaning the filter recursions start with ¢ = 1 with 71"} = 2 = €;). A similar set of steps gets us to the
update equation for A, _
Aj1 =V (61)

Vo is the variance of Xy conditioned on the data from ¢t = 1 to T and is an output from the Kalman smoother
recursions.

If the initial state is defined as at t = 1 instead of ¢ = 0, the update equation is derived in an identical
fashion and the update equation is similar:

€j+1 =X (62)
A=V, (63)

These are output from the Kalman smoother recursions with initial conditions defined as E[X1|Y ¢ =y, = & j

and var(X, X/ |Yo =y,) = A; (meaning the filter recursions start with ¢ = 1 with #i~! = 70 = €;). Notice

that the recursions are initialized slightly differently. In the literature, you will see the Kalman filter and
smoother equations presented with both types of initializations depending on whether the author defines the
initial state at t =0 or t = 1.

3.9 Update equation for £ (unconstrained), fixed z,

For the case where x( is treated as fixed, i.e., as another parameter, then there is no A, and we need to
maximize OV /0 using the slightly different ¥ shown in equation 7. Now & appears in the state equation
part of the likelihood.

0w/ = = ( — ED(X]Q"BE)/0€] - E0(BE)TQX1)/0¢] + E[0(BET Q" (BE)) /0]
2

- E[0(BE)TQ " w)/0¢] + E[(f)(uTQlBs)/aa)

- —é(— EIO(X]Q'B¢)/0€) - Flo(¢ BT Q' X1)/0¢] + E[o(¢ BT Q™ (BE))/0¢]

T EO(ETBTQ u)/0€] + E[a<uTQ-1Bs>/as])

After pulling the constants out of the expectations, we use relations (16) and (18) to take the derivative:

oV/0g = —% ( - EX,]"Q7'B-E[X;]'Q"'B+2'B'Q"'B+u'Q 'B+ uTQ‘1B> (65)

This can be reduced to
oV/0t = E[X1]'"Q'B-¢'B'Q'B-u'Q'B (66)

To solve for &, set the left side to zero (an m x 1 matrix of zeros), transpose the whole equation, and then
cancel out B' Q7'B by multiplying by its inverse on the left, and solve for &. This step requires that this
inverse exists.

¢=B'Q'B)'B'Q T (EX,] —u) (67)
Thus, in terms of the Kalman filter /smoother output the new & for EM iteration j + 1 is
£11=B'Q7'B)'B'Q (X —u) (68)

Note that using, Xo output from the Kalman smoother would not work since A = 0. As a result, & 1 =&
in the EM algorithm, and it is impossible to move away from your starting condition for &.

This is conceptually similar to using a generalized least squares estimate of € to concentrate it out of the
likelihood as discussed in Harvey (1989), section 3.4.4. However, in the context of the EM algorithm, dealing
with the fixed xg case requires nothing special; one simply takes care to use the likelihood for the case where
x( is treated as an unknown parameter (equation 7). For the other parameters, the update equations are
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the same whether one uses the log-likelihood equation with zq treated as stochastic (equation 6) or fixed
(equation 7).

If your MARSS model is stationary!'! and your data appear stationary, however, equation 67 probably is
not what you want to use. The estimate of & will be the maximum-likelihood value, but it will not be drawn
from the stationary distribution; instead it could be some wildly different value that happens to give the
maximum-likelihood. If you are modeling the data as stationary, then you should probably assume that £ is
drawn from the stationary distribution of the X’s, which is some function of your model parameters. This
would mean that the model parameters would enter the part of the likelihood that involves & and A. Since
you probably don’t want to do that (if might start to get circular), you might try an iterative process to get
decent € and A or try fixing & and estimating A (above). You can fix £ at, say, zero, by making sure the
model you fit has a stationary distribution with mean zero. You might also need to demean your data (or
estimate the a term to account for non-zero mean data). A second approach is to estimate x; as the initial
state instead of xg.

3.10 Update equation for £ (unconstrained), fixed z;

In some cases, the estimate of y from z; using equation 68 will be highly sensitive to small changes in the
parameters. This is particularly the case for certain B matrices, even if they are stationary. The result is
that your £ estimate is wildly different from the data at ¢ = 1. The estimates are correct given how you
defined the model, just not realistic given the data. In this case, you can specify £ as being the value of  at
t = 1 instead of t = 0. That way, the data at t = 1 will constrain the estimated &. In this case, we treat x;
as fixed but unknown parameter £. The likelihood is then:

"1 S 1
lo L(y.2:0) = — 3" Sy, Za —a) R~ (g, ~ Za )~ 3+ log R
. ! . ! (69)
1 1
-3 5@ — Bz — w)'Q Mz~ Bz —u) - Y 5108Q|
o /0¢ = —i(— BlO(YT R2€)/0€) — E0((Z€) R™'Y1)/0¢] + E[0((2€) TR (2€)) €]
+ El0((Z¢)"R""a)/0€] + E[&JR*Z@/%])

(70)

1

- 5( - EOxX]Q 'Be)/0g] - B((BETQ X2)/0¢] + ED(BE) Q! (BE)/0¢

T E[(BE)TQ ) 0¢) + E[a<uTQ1Bs>/aa)

Note that the second summation starts at ¢ = 2 and £ is x; instead of .
After pulling the constants out of the expectations, we use relations (16) and (18) to take the derivative:

oV /o€ = f% ( ~EY,]'R'Z-EY,|'R'Z+26"Z'R'Z+a R 'Z + aTRlz>
(71)
- ;( ~E[X,]"Q'B-EX,]'Q 'B+2¢'B'"Q 'B+u'Q 'B+ uquB>
This can be reduced to
OV/0¢ = E[Y]'RT'Z-¢"Z'"R'Z-a ' RT'Z+ EX,]'Q'B-¢'B'Q'B-u'Q'B 72)

= ¢"(Z'R'Z+B'Q'B)+ E[Y )]’ R'Z-a'R'Z+ E[X,]'"Q'B-u'Q'B

To solve for &, set the left side to zero (an m x 1 matrix of zeros), transpose the whole equation, and solve
for €.

E=(Z'R'Z+B'Q'B)"YZ'RYE[Y ] —a)+B'Q ' (E[X;3] —u)) (73)

I meaning the X’s have a stationary distribution
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Thus, when & = x4, the new £ for EM iteration j + 1 is

& =2Z'R'Z+B'Q'B)HZ'R' (¥, —a)+B'Q (X2 —u)) (74)

4 The time-varying MARSS model with linear constraints

The first part of this report dealt with the case of a MARSS model (equation 1) where the parameters are
time-constant and where all the elements in a parameter matrix are estimated with no constraints. I will
now describe the derivation of an EM algorithm to solve a much more general MARSS model (equation
75), which is a time-varying MARSS model where the MARSS parameter matrices are written as a linear
equation f + Dm. This is a very general form of a MARSS model, of which many (most) multivariate
autoregressive Gaussian models are a special case. This general MARSS model includes as special cases,
MARSS models with covariates (many VARSS models with exogeneous variables), multivariate AR lag-p
models and multivariate moving average models, and MARSS models with linear constraints placed on the
elements within the model parameters. The objective is to derive one EM algorithm for the whole class, thus
a uniform approach to fitting these models.
The time-varying MARSS model is written:

Xy = Bta:t,l +uy + Gtwt, where Wt ~ MVN(O, Qt) (753.)
Y, = Zt.'L't +a; + Ht’Ut, where Vt ~ MVN(O, Rt) (75b)
z;, =&+ Fl, whereto=0o0rty=1 (75¢)
L ~ MVN(0,A) (75d)

wy _ Q 0
[UJ MVN(0,%), ¥ = { N RJ (75¢)

This looks quite similar to the previous non-time varying MARSS model, but now the model parameters, B,
u, Q, Z, a and R, have a t subscript and we have a multiplier matrix on the error terms v;, w;, I. The Gy
multiplier is m X s, so we now have s state errors instead of m. The H; multiplier is n X k, so we now have k
observation errors instead of n. The F multiplier is m X j, so now we can have some initial states (j of them)
be stochastic and others be fixed. I assume that appropriate constraints are put on G and H so that the
resulting MARSS model is not under- or over-constrained!?. The notation/presentation here was influenced
by SJ Koopman’s work, esp. Koopman and Ooms (2011) and Koopman (1993), but in these works, Q, and
R, equal I and the variance-covariance structures are instead specified only by H; and G;. I keep Q, and
R in my formulation as it seems more intuitive (to me) in the context of the EM algorithm and the required
joint-likelihood function.
We can rewrite this MARSS model using vec relationships (table 3):

Ty = (xtT_l (39 I”L) VeC(Bt) + VeC(llt) + Gt'wt, Wt ~ MVN(O, Qf)
Y, = (.T;r X In) vec(Zt) =+ Vec(at) + Ht'l)t,vt ~ MVN(O, Rt) (76)
xy, =&+ FI,L ~ MVN(0,A)
Each model parameter, B, u¢, Q,, Z;, a;, and Ry, is written as a time-varying linear model, f; +D;m, where

f and D are fully-known (not estimated and no missing values) and m is a column vector of the estimates
elements of the parameter matrix:

VeC(Bt) = ft,b + Dtﬁbﬁ

Vec(ut) = ft,u —+ Dt,u'U
VeC(Qt) = ftq + Dt,qq
vec(Zy) =f ., + Dy,

(Z¢) =1, t,26 (77)

Vec(at) = ft o+ Dt ol
VeC(Rt) = ffm + Dtﬂ«r

vec(A) = £ + DA

vec(§) = fe + Dep

12For example, if both G and H are column vectors, then the system is over-constrained and has no solution.
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The estimated parameters are now the column vectors, 8, v, q, {, a, r, p and A. The time-varying aspect
comes from the time-varying f and D. Note that variance-covariance matrices must be positive-definite
and we cannot specify a form that cannot be estimated. Fixing the diagonal terms and estimating the
off-diagonals would not be allowed. Thus the f and D terms for Q, R and A are limited. For the other
parameters, the forms are fairly unrestricted, except that the Ds need to be full rank so that we are not
specifying an under-constrained model. ’Full rank’ will imply that we are not trying to estimate confounded
matrix elements; for example, trying to estimate a; and as but only a; + as appear in the model.

The temporally variable MARSS model, equation 76 together with equation 77, looks rather different
than other temporally variable MARSS models, such as a VARSSX or MARSS with covariates model, in
the literature. But those models are special cases of this equation. By deriving an EM algorithm for this
more general (if unfamiliar) form, I then have an algorithm for many different types of time-varying MARSS
models with linear constraints on the parameter elements. Below I show some examples.

4.1 MARSS model with linear constraints

We can use equation 76 to put linear constraints on the elements of the parameters, B, u, Q, Z, a, R, £ and
A. Here is an example of a simple MARSS model with linear constraints:

zi] _fa 0 (21 L [ Wil MYN 0.1 qi1 12
T2], 0 2a] |z2], | |we2],” |w2f, u+0.1]" [g21 go2

Y1 I c 3c+2d+1 U1
Ty
Y2 = c d |:JJ :| + |v2 )
ys|, lct+e+2 e t v3],
1)1_ al_ T 0 0
va| ~ MVN az|, (0 2r O
v, 0 | 0 0 d4r

BIREI(HRIN)

Linear constraints mean that elements of a matrix may be fixed to a specific numerical value or specified as
a linear combination of values (which can be shared within a matrix but not shared between matrices).

Let’s say we have some parameter matrix M (here M could be any of the parameters in the MARSS
model) where each matrix element is written as a linear model of some potentially shared values:

a+2c+2 0.9 c
M = —1.2 a 0
0 3c+1 b

Thus each i-th element in M can be written as 3; 4+ 34.;a + Bp,:b+ Bc,ic, which is a linear combination of three
estimated values a, b and c¢. The matrix M can be rewritten in terms of a 8; part and the part involving the
B_J’SI _
2 0.9 0 a+2c 0 c

M= |-12 0 0f + 0 a 0 = Mgxed + Mtree

0 1 0 0 3c b

The vec function turns any matrix into a column vector by stacking the columns on top of each other. Thus,

[a + 2¢ + 2]
—1.2

vec(M) = a
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Table 3: Kronecker and vec relations. Here A isn xm, Bism xp, Cispx ¢, and E and D are p x p. aisam x 1
column vector and b is a p X 1 column vector. The symbol ® stands for the Kronecker product: A ® C is a np X mq
matrix. The identity matrix, I,,, is a n X n diagonal matrix with ones on the diagonal.

vec(a) = vec(a') = a

The vec of a column vector (or its transpose) is itself. (78)
a=(a'®I)

vec(Aa) = (a’ ®1,)vec(A) = Aa (79)
vec(Aa) = Aa since Aa is itself an m x 1 column vector.
vec(AB) = (I, ® A) vec(B) = (B' ®1,,) vec(A) (80)
vec(ABC) = (C" ® A) vec(B) (81)
vec(a'Ba) =a'Ba = (a' ® a) vec(B) (82)
(A®B)(C®D)=(AC®BD) (83)

(A2B)+(A®C)=(A®(B+CQ))
(a®l,)C=(a®C)

Cla’"®I,) =(a' ®C) (84)
E(a' @D)=ED(a' ®1I,) = (a' ® ED)

(a®L,)C(b' ®1,)=(ab’ ®C) (85)

(a®b) = vec(ba')
(a’®@b")=(a®@b)T = (vec(bal))T

(AToB")=(AeB)T (87)

We can now write vec(M) as a linear combination of f = vec(Mfixed) and Dm = vec(Mfree). mis a p x 1
column vector of the p free values, in this case p = 3 and the free values are a,b,c. D is a design matrix that
translates m into vec(Mipee). For example,

[a + 2¢ + 2] 0 1 20
—1.2 —1.2 0 0 O
0 0 0 O
0.9 0.9 0 0 0] |a
vec(M) = a =| 0 |+1|1 0 0Of [b|] =f+Dm
3c+1 1 0 0 3| |c
c 0 0 0 1
0 0 0 00
b | o] o1 o

There are constraints on D. Your D matrix needs to describe a solvable linear set of equations. Basically it
needs to be full rank (rank p where p is the number of columns in D or free values you are trying to estimate),
so that you can estimate each of the p free values. For example, if a 4+ b always appeared together, then a + b
can be estimated but not a and b separately. Note, if M is fixed, then D is undefined but that is fine because
in this case, there will be no update equation needed; you just use the fixed value of M in the algorithm.
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4.2 A MARSS model with exogenous variables

The following is a commonly seen MARSS model with covariates c; and d; appearing as additive elements:

z; = Bz, 1+ Ccy +w,
Y, = Zzt + Ddt + v

Here, D is the effect of d; on y, not a design matrix (which would have a subscript). We would typically
want to estimate C or D which are the influence of our covariates on our responses, € or y. Let’s say there
are p covariates in ¢; and ¢ covariates in d;. Then we can write the above in vec form:

z; = (z/_, ®1,) vec(B) + (¢, ®1,) vec(C) +w,

; . (55)
y, = (x, ®I,)vec(Z) + (d;, ®1;)vec(D)+ v,
Let’s say we put no constraints B, Z, Q, R, &, or A. Then in the form of equation 76,

z, = (x; | ®1,) vee(By) + vec(uy) +w,
y, = (2] ®1,)vec(Z,) + vec(ay) + vy,

with the parameters defined as follows:

vec(By) = frp + DipB; f1 = 0; Dy = 1; B = vec(B)
vec(wy) = £, + Dy v; £, =0; Dy, = (ct ®1L,); v = vec(C)
vec(Q,) =fi g+ Dy qq; £ =0; Dy gy =D,
vee(Zy) = f;. 4+ Dy (£ = 0; Dy = 1; ¢ = vec(Z)
vec(ay) =f1 0 + Dygo; 1, =0; Dy = (d;r ®1,); a = vec(D)
vec(Ry) =f,, + Dy¢,r; f;, =0; D, =D,
vec(A) = f>\ +DyX; £y =0
vec() =€ =f:+Dep; fe=0; D=1

Note that variance-covariance matrices are never unconstrained really so we use Dy, D, and D) to specify
the symmetry within the matrix.

The transformation of the simple MARSS with covariates (equation 88) into the form of equation 76 may
seem a little painful, but the advantage is that a single EM algorithm can be used for a large class of models.
Presumably, the transformation of the equation will be hidden from users by a wrapper function that does
the reformulation before passing the model to the general EM algorithm. In the MARSS R package, this
reformulation is done in the MARSS .marxss function.

4.3 A general MARSS model with exogenous variables

‘

Let’s imagine now a very general MARSS model with various ‘inputs’. ‘ input’ here just means that it is
some fully known matrix rather than something we are estimating. It could be a sequence of Os and 1s if for
example we were fitting a before/after sort of model. Below the letters with a ¢ subscript are the inputs (and
D; is an input not a design matrix), except , ¥, w and v.

= JtBLt.’L't_l + CtUCt + Gtwt

(89)
Y. = MtZNt(IIt + DtAdt + Ht’l)t
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In vec form, this is:

z, = (z] | @L,)(L] ®J,)vec(B) + (¢, ® Cyp)vec(U) + G,
= (2, ® L)L, ®J)(f +DyB) + (¢ ® Cy)(fy + D) + Gowy
W, ~ MVN(0, G,QG,)

Y, = (2] @L,)(N] @ My)vec(Z) + (d; ® D) vec(A) + Hu, (90)
= (x;r & In)Zt(fz + Dz() + At(fa + Daa) + H,v,
V., ~ MVN(0,H,RH/)

X, ~ MVN(f¢ + D¢p, FAFT), where vec(A) = f) + DA

We could write down a likelihood function for this model but written this way, the model presumes that
HtRH;r , GtQG;r , and FAF ' are valid variance-covariance matrices. I will actually write this model
differently below because I don’t want to make that assumption.

We define the f and D parameters as follows.

vee(By) = f1p + DipfB = (L] @ J)f, + (L, @ J,)DyB
vec(wy) =, + Dy v = (c¢] @ CHf, + (¢; ® C))Dw
vec(Qy) = £ + Dy gq = (G, ® Gy)f; + (G, ® G¢)Dyq
vee(Zy) = fi. + Dy ¢ = (N] @ My)f. + (N} ® My)D.¢
vec(ay) = f1.q + Diga = (d] @ D))f, + (d; ® D;)D,a

)

)

)

Here, for example f;, and Dy indicate the linear constraints on B and f; ; is (L:@Jt)fb and Dy is (LZ@Jt)Db.
The elements of B that are being estimated are B arranged as a column vector.
As usual, this reformulation looks cumbersome, but would be hidden from the user presumably.

4.4 The expected log-likelihood function

As mentioned above, we do not necessarily want to assume that HthHtT , GtQthT ,and FAF ' are valid
variance-covariance matrices. This would rule out many MARSS models that we would like to fit. For

1
example, if Q = 02 and G = |1|, GQG" would be an invalid variance-variance matrix. However, this is
1
a valid MARSS model. We do need to be careful that H; and G; are specified such that the model has a
1
solution. For example, a model where both G and H are |1| would not be solvable for all y.
1

Instead I will define ®, = (G G¢)"'G,, 8, = (H/H,)"'H/, and I = (F'F)"'F . I then require that
the inverses of G:Gt, H;—Ht7 and F'F exist and that fi o+ D qq, f1 -+ Dy ,r, and 5 + Dy specify valid
variance-covariance matrices. These are much less stringent restrictions.

For the purpose of writing down the expected log-likelihood, our MARSS model is now written

Dy, = (x| @ 1,,) vec(By) + @y vec(uy) + wy,  where W, ~ MVN(0, Q,)
Etyt = Et(.'l:: ® In) VeC(Zt) + Et VEC(at) + vy, where Vt ~ MVN(O, Rt) (91)
Mz, =11€ +1, where L ~ MVN(0, A)

As mentioned before, this relies on G and H having forms that do not lead to over- or under-constrained
linear systems.
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To derive the EM update equations, we need the expected log-likelihood function for the time-varying
MARSS model. Using equation 91, we get

T

1
Exvyl[logL(Y,X;0)] = —2EXY(Z(Yt — (X, ©1,) vec(Zy) — vec(ay)) "2 R 1E,
1
T
(Ve — (X[ ® L) vec(Zy) — vec(ar)) + »_log [Ry|
1
T
+ > (X — (X, ®L,) vee(By) — vec(u)) @/ Q; '@, (92)

to+1

T
(X; — (X,_; ® L) vee(By) — vec(uy)) + Y log|Q,|
to+1

+ (X4, — vec(€)) TIITATI(X,, — vec(€)) + log |A| + log 27r>

If any G, H; or F is all zero, then the line in the likelihood with Ry, Q, or A, respectively, does not appear.
If any x;, are fixed, meaning all zero row in F, that X;, = & anywhere it appears in the likelihood. The way
I have written the general equation, some z;, might be fixed and others stochastic.

The vec of the model parameters are defined as follows:

vec(By) =f1, + Dy pB
vec(uy) = £ + Dy v
vec(Zy) =f, .+ Dy ¢
vec(ay) = f1 o + Dy g0
vec(Q,) =f1 4+ Dy gq
vec(Ry) =f;, + Dy ,r
veo(€) = f¢ + Dep

¢ = (G/ Gy) G/
= = (H/H;)"'H
I=(F"F)'F’

5 The constrained update equations

The derivation proceeds by taking the partial derivative of equation 92 with respect to the estimated terms,
the {, a, etc, setting the derivative to zero, and solving for those estimated terms. Conceptually, the algebraic
steps in the derivation are similar to those in the unconstrained derivation. See the notes in Sections 3 and
2 regarding implementation of the EM algorithm when © is broken into parts (e.g., B, u, Q, etc.).

5.1 The general u update equations

We take the derivative of ¥ (equation 92) with respect to v.

T
owjov =13 < — O(EIX; QD)) /00 — (B D], QX ]) /v
t=1

+(E[(X,_; ® L) vee(B,)) QD)) /0w + 8( Ep D], Qu (X, @1,,) vec(B,)])/ov  (93)

+0(w'D/,Q;D; ) /0v + O(E[f], QD¢ ,v])/0v + (E[v ' D/, Qf; .]) /av)

where Q; = &, Q; ' ®;.
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Since v is to the far left or right in each term, the derivative is simple using the derivative terms in table
3.1. 0¥ /0v becomes:

T
oV /o = _% > ( —2B[X,] QD] + 2E[((X/] |, @ L,) vec(By)) ' Q:D; ]

t=1
+ 2(’UTDIUQtDt7u) +2 E[f;rthDt,u]>

Set the left side to zero and transpose the whole equation.

T
0= Z (Dzu@t E[X,] - D/, Q(E[X,-1]" ®L,)vec(B;) — D], QD¢ v — DZthftyu) (95)
t=1

Thus,
T T
(> D/ @D, )v=> D], Q(EX,] - (E[X; 1] @1,)vec(By) — f1.) (96)
t=1 t=1
We solve for v, and the new v for the j + 1 iteration of the EM algorithm is
T -1 T
Vi1 = (Z D/ u@tDm) > D[ Qu (% — (X @ 1) vee(By) — f1) (97)
=1 t=1

where Q; = &/ Q;'®; = G,(G/ G,)~'Q; (G} G,)"'G/.

The update equation requires that ZtT:1 DZ +Q:Dy ,, is invertible. It generally will be if ®,Q,®/ is a
proper variance-covariance matrix (positive semi-definite) and Dy ,, is full rank. If G; has all-zero rows then
®,Q,®; has zeros on the diagonal and we have a partially deterministic model. In this case, Q; will have
all-zero row/columns and DZ +Q:Dy,, will not be invertible unless the corresponding row of Dy, is zero.
This means that if one of the £ rows is fully deterministic then the corresponding row of u would need to
be fixed. We can get around this, however. See section 7 on the modifications to the update equation when
some of the &’s are fully deterministic.

5.2 The general a update equation

The derivation of the update equation for a with fixed and shared values is completely analogous to the
derivation for v. We take the derivative of ¥ with respect to @ and arrive at the analogous:

T T

a1 = (Y D/ RD:a) S DLR(F, — (X ®1,)vec(Zy) — frq)
t=1 t=1 98)
T T (

= (Z DtT,aRtDtva)_l Z DtT,aRt (?t —Zix¢ — ft,a)
t=1 t=1
>, D/ ,R,D;, must be invertible.

5.3 The general £ update equation, stochastic initial state

When zg is treated as stochastic with an unknown mean and known variance, the derivation of the update
equation for & with fixed and shared values is as follows. Take the derivative of ¥ (using equation 92) with
respect to p:

Ov/op = (XL —¢'L) (99)
Replace & with f¢ + D¢p, set the left side to zero and transpose:
0 = D/ (L% — Lf¢ + LD¢p) (100)
Thus,
P41 = (D{LD) 'D{L(Xo — f¢) (101)
and the new & is then,
§j+1 =fe+ DEpj+17 (102)

When the initial state is defined as at t = 1, replace Xg with X; in equation 101.
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5.4 The general £ update equation, fixed z

For this case, x( is treated as fixed, i.e., as another parameter, and A does not appear in the equation. It
will be easier to work with ¥ written as follows:

T T

1
EXY[lOgL(Y,X, @)] = — = EXY<Z(Yt — ZtXt — at)TRt(Yt — ZtXt — at) —+ Zlog |Rt|
2 1 1
T

T
—+ Z(Xt — BtXt—l —_ ut)TQt(Xt — BtXt—l — ut) + Zlog |Qt| —+ IOg 271')
1 1

(103)

g = f&—i—Dgp

This is the same as equation 92 except not written in vec form and A does not appear. Take the derivative
of ¥ using equation 103. Terms not involving p will drop out:

0w /op =~ ( ~ E[0(P QiB1Dep)/0p] — E[0(p" (BiDe)  QiP1)/0p]

(104)
+ E[a(PT(Ble)TQlBlep)/ap])
where
]Pl :Xl 7B1f§ — Uup (105)
After pulling the constants out of the expectations and taking the derivative, we arrive at:
1

0u/op = —3( ~2B[F] QB + 26 (BDY) QBD ) (106)

Set the left side to zero, and solve for p.
p = (D{B{Q:BD¢)"'D/B] Qi (X1 — Bife —uy) (107)

This equation requires that the inverse right of the = exists and it might not if B; or Q; has any all zero
rows/columns. In that case, defining £ = 1 might work (section 5.5) or the problematic rows of &€ could be
fixed. The new & is then,

£j+1 =fe + Dfpj+1v (108)
5.5 The general £ update equation, fixed x;

When 2, is treated as fixed, i.e., as an estimated parameter, and A does not appear, the expected log
likelihood, W, is written as follows:

T T
1
EXY[lOgL(Y,X, @)] = —5 EXY( E (Yt — ZtXt — at)TRt(Yt — ZtXt — at) + E IOg |Rt|
1 1

T T (109)
+ Z(Xt —BX, 1 —w) QX —BX, 1 —w)+ Zlog |Q,| + log 27r)
2 2
xr = f§ + Dgp
Take the derivative of ¥ using equation 109:
1
0 /9p = 5 ( - EO(O] R Z,Dep) /0p] - BD((ZiDep) R101)/0p
+ E[0((Z1D¢p) 'R1Z1Dep)/0p] — E[0(P; Q:B2Dep)/dp] — E[0((B2Dep) ' QaP2)/0p]  (110)

n E[a«BQDgp)T@zBQDgp)/ap])
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where

=Xy — Bofe —
2 ofe —up (111)
@1 = Y1 — Zlfg —aj
In terms of the Kalman smoother output the new £ for EM iteration j + 1 when & = x; is
P, 1 = ((Z1D¢) "R1Z1 D¢ + (B2Dg) ' Q2BoDe) *((Z1De) "Ry 05 + (BoDe) ' QoPy) (112)
where
Py = Xy — Baofe —u
2 ~2 of¢ 2 (113)
0, = Y1 — Zlfg —ai
The new £ is
£j+1 =fe+ D&Pj+1a (114)

5.6 The general B update equation
Take the derivative of ¥ with respect to 8; terms in ¥ do not involve 8 will equal 0 and drop out.

1 T

00/0 =~ 3" ((~ O(BIXT QDL 98 — D(EIX DL Q.X,]) /08

t=1

+ O(E[(Y:Dy,8) T QY:D; ,8]) /08 + O Efu] Q. XD, 18])/0B + (YD ,8) " Quuy) /08 (115)
+0( E[(tht,b)TQtTtDt,bﬁ])/aﬁ +0( E[(‘rtDt,b,B)TQt'rtft,b])/3ﬂ>

where
T =X ,®L,) (116)

Since B is to the far left or right in each term, the derivative is simple using the derivative terms in table 3.1.
0¥ /9B becomes:

T
1
oW /ow =~ > ( —2E[X, Q:YDy,] +2(8" D/, X[ QX Dy )
t=1

+ QE[UIQtTtDt,b] + QE[(thub)TQtTtDt,b])

(117)

Note that X appears in Y; but not in other terms. We need to keep track of where X appears so the we
keep the expectation brackets around any terms involving X .

oV /0B = Z( E[X] QY¢D;, — uIQtE[rt]Dt,b—ﬁTDZbE[TZ@m}Dt,b—beE[TI@tTt]Dt,b)

(118)
Set the left side to zero and transpose the whole equation.
T
Z < E[Y/ QX - D/, E[Y,]"Qu, - D/, E[Y/Q, Y], — D/, E[TZQtrt]Dt,bﬂ> (119)
t=1
Thus,
T
ZD E[Y/ QD)8 => D/, (E[Y/ QX - E[X,] Qu, — E[Y/Q:Yf:,)  (120)

t=1
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Now we need to deal with the expectations.

E[Y/ QY] =E[(X._, 2L, Q(X,, ©1,)]
= E[(Xi-1 ® L) Q (X, ®L,)]
= E[X:_1X,_; ® Q] (121)
= EX;1 X, )] ®Q
=P, ®Q
E[Y/ QX = E[(X, , ®L,) QX
= E[(X—1 ®L,)QX/]
= B[(X:-1 ® Q)X
= E[vec(Q.X, X/ ,)]
= VeC(Qtf)t,tfl)

(
(
( (122)

E[Y] Qu; = (E[X;-1] ® L,)Quuy
= (X¢—1 ® Q) uy (123)

= vec(QuuX, ;)

Thus,
T N T N N
(ZDZb(Ptfl 0 Qt)Dt,b)ﬂ = ZDZb(VeC(QtPt,tfl) — (P11 ®@Q)fyy — VGC(Qtutill)) (124)
t=1 t=1

Then B for the j + 1 iteration of the EM algorithm is then:

T -1 T
B = (ZDZb(f’t—l ® Qt)Dt,b> X ZDZb(VeC(Qtf’t,t—l) - (f’t—1 ® Qe)frp — VeC(QtutitT—l)) (125)

t=1 t=1

This requires that DZ b(lgt_l ® Q;)Dy is invertible, and as usual we will run into trouble if ®,Q,®, has
zeros on the diagonal. See section 7.

5.7 The general Z update equation

The derivation of the update equation for { with fixed and shared values is analogous to the derivation for
B. The update equation for ¢ is

T

-1
Ciy1= (ZD (P, @ R,)Dy, ) X ZD;(vec(Rtcht) — (P, @ R)f. — vec(RiaX, )) (126)
t=1

This requires that DZ z(f’t ® R;)Dy , is invertible. If Z;R;Z/] has zeros on the diagonal, this will not be
the case. See section 7.

5.8 The general Q update equation

A general analytical solution for Q is problematic because the inverse of Q, appears in the likelihood and Q; 1
cannot always be rewritten as a function of vec(Q,). However, in a few important special—yet quite broad—
cases, an analytical solution can be derived. The most general of these special cases is a block-symmetric
matrix with optional independent fixed blocks (subsection 5.8.5). Indeed, all other cases (diagonal, block-
diagonal, unconstrained, equal variance-covariance) except one (a replicated block-diagonal) are special cases
of the blocked matrix with optional independent fixed blocks.
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Unlike the other parameters, I need to put constraints on f and D. I constrain D to be a design matrix.
It has only 1s and 0s, and the rows sums are either 1 or 0. Thus terms like ¢; + g2 are not allowed. A
non-zero value in f is only allowed if the corresponding row in D is all zero. Thus elements like f; + g1 are
not allowed in Q. These constraints, especially the constraint that D only has Os and 1s, might be loosened,
but with the addition of G, we still have a very wide class of Q matrices.

The general update equation for Q with these constraints is

T

T
71
Q1 = Z ¢Dt.q) ZDZq vee(Sy)

t=1
where S; = ®;(P;, — Py, 1B} —B/P,_1, —Xu) —wX, +
Btf’t,lB: + Btit,lut + utxtlet + wu, )<I>;r (127)
vec(Qy)j+1 = fi g + Dt gqjiq
where
¢ = (G, Gi)"'G/

The vec of Q, is written in the form of vec(Q,) = f;, + D;,,q, where f; , is a p? x 1 column vector of
the fixed values including zero, Dy , is the p? x s design matrix, and ¢ is a column vector of the s free values
in Q,. This requires that (DZth,q) be invertible, which in a valid model must be true; if is not true you
have specified an invalid variance-covariance structure since the implied variance-covariance matrix will not
be full-rank and not invertible and thus an invalid variance-covariance matrix.

Below I show how the Q update equation arises by working through a few of the special cases. In these
derivations the g subscript is left off the D and f matrices.

5.8.1 Special case: diagonal Q matrix (with shared or unique parameters)

Let Q be a non-time varying diagonal matrix with fixed and shared values such that it takes a form like so:

@ 0 0 0 0
0 fi 0 0 0
Q=1[0 0 ¢ 0 0©
0 0 0 f 0
0 0 0 0 ¢

Here, f’s are fixed values (constants) and ¢’s are free parameters elements. The f and ¢ do not occur together;
i.e., there are no terms like f; + ¢.

The vec of Q™' can be written then as vec(Q™') = £, + Dyg*, where f* is like f, but with the corre-
sponding i-th non-zero fixed values replaced by 1/f; and ¢* is a column vector of 1 over the ¢; values. For
the example above,

g = F/ Q1]

1/612

Take the partial derivative of ¥ with respect to g*. We can do this because Q™! is diagonal and thus
each element of ¢* is independent of the other elements; otherwise we would not necessarily be able to vary
one element of ¢* while holding the other elements constant.

oY /og* =

l\.')\»—l

T
Z ( EX,/® Q '®.X, - EX,/® Q '&,B,X, 4]

— E[( tXt_l)T‘I);rQ 1(tht] — E[XI@IQfl(I)tut]
— E[u/®/Q '®. X, + E[(B:X;_1) ®/Q'®,B, X, 1] (128)

+ E[(B:X;_1) @/ Q '®,u] + E[u/®/Q'®,B,X, 1]+ u/ o/ Q" 1<I>tut> /0q*

T
— a(glog\Ql)/aq*
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Use vec operation Equation 82 to pull Q! out from the middle!®, using
a'®' Q 'db=(b'd " @a ® )vec(Q H=(b' @a ) (@ @®)vec(Q ')

. Then replace the expectations with the Kalman smoother output,

oW /og* = — Za( EX @ X]]- EX] ® (B:X,_1)"] - E[(B:X,_1) ©X,]
— EX; ®@u/] - E[u) @ X/]+ E[(BX;1)" ® (B:X;-1)"] (129)
+ E[(B: X, 1) ®ui)+ Efu) @ (BX1-1)']+ (v ®uf ))<<1>t ® ;)" vec(Q ) /0g"
-0 ozlal) /o
This can be further reduced using
b'oa ) (@"T@d") = (vec(ab )T (® 2 ®)" = vec(Pab'® )T
With this reduction and replacing log |Q| with — log |Q |, we get
1 Z
oV /dq* = _52 vec(Sy) O vee(Q ™)) /0g* +8( log |Q () /0g*
t=1
where (130)
S; = d; (f)t - f)t,tle ~ BP,_ 1t — Xtu;r - lltXtT-i-
Btf)tle;r + Btﬁt,lut + utxtlet + usu, )q);r
The determinant of a diagonal matrix is the product of its diagonal elements. Thus,
1 Z
oY /og* = — <2 Z vec(Sy) T (f* + D,g*)
(131)

1

T
~ 5 D (og(f7) + log( 7).k os(ai) + L1oE(65)-.) ) /00"
t=1

where k is the number of times ¢; appears on the diagonal of Q and [ is the number of times ¢, appears, etc.
Taking the derivatives and transposing the whole equation we get,

T T
oV /q* == %Z DqT vec(St) — %Z(log(fl*) + ...klog(qy) + llog(g3)...)/Oq*

t=1 t=1
T
Z vee( —fZDT |

DqTDq is a s x s matrix with k, [, etc. along the diagonal and thus is invertible; as usual, s is the number
of free elements in Q. Set the left side to zero (a 1 x s matrix of zeros) and solve for g. This gives us the
update equation for q and Q:

(132)

w\»—*

T T
A1 = (ZDJDQ)_l > D, vec(Sy) (133)
t=1 t=1

vec(Q)j+1 =f +Dygjq1

Since in this example, D, is time-constant, this reduces to

T
1
gj+1 = T(D;Dq)_lDZ > vec(Sy)
t=1

S; is defined in equation 129.

13 Another, more common, way to do this is to use a “trace trick”, trace(a’ Ab) = trace(Aba'), to pull Q!
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5.8.2 Special case: Q with one variance and one covariance

a B B B fl,B) gla,B) gla,B) gla,p)
Q=|f B P Q= |9leB) flafB) gla.f) gl f)
B B o B g(a,B) gla,B) fla,B) g, B)
B B B « 9(a,B) gla,B) gla,B8) f(a,p)

This is a matrix with a single shared variance parameter on the diagonal and a single shared covariance on the
off-diagonals. The derivation is the same as for the diagonal case, until the step involving the differentiation

of log|Q™!:

T
Z vec(Sy) ) vec(Q ™) + %log |Q_1|)/8q* (134)

t=1

l\DM—l

oV /0g* = a(

It does not make sense to take the partial derivative of log |Q | with respect to vec(Q ') because many
elements of Q™! are shared so it is not possible to fix one element while varying another. Instead, we can
take the partial derivative of log|Q™!| with respect to g(a, ) which is > {i.j1eset, 0108 1Q~"|/9g*;;. Set g
is those 4, j values where ¢* = g(«, 3). Because g() and f() are different functions of both o and S, we can
hold one constant while taking the partial derivative with respect to the other (well, presuming there exists
some combination of o and S that would allow that). But if we have fixed values on the off-diagonal, this
would not be possible. In this case (see below), we cannot hold g() constant while varying f() because both
are only functions of a:

a f f f fla) gla) g(a) g(a)
Q- fa f f Q- gla) fla) g(a) g(a)
ff af g(@) gla) fla) gla)
ffrf a gla) gla) gla) f(a)

Taking the partial derivative of log |Q~*| with respect to g* = [ch Egg? ], we arrive at the same equation

as for the diagonal matrix:

T
oV /og* = ZDTvec -y (D7 (135)

t 1 t=1

w\»—*

where here D' D is a 2 x 2 diagonal matrix with the number of times f(«, ) appears in element (1,1) and
the number of times g(«, /3) appears in element (2,2) of D; s = 2 here since there are only 2 free parameters
in Q.

Setting to zero and solving for ¢* leads to the exact same update equation as for the diagonal Q, namely
equation 133 in which f, = 0 since there are no fixed values.

5.8.3 Special case: a block-diagonal matrices with replicated blocks

Because these operations extend directly to block-diagonal matrices, all results for individual matrix types
can be extended to a block-diagonal matrix with those types:

B, 0 0
Q=0 By, 0
0 0 Bs

where B, is a matrix from any of the allowed matrix types, such as unconstrained, diagonal (with fixed or
shared elements), or equal variance-covariance. Blocks can also be shared:

B, 0 0
Q=0 By, 0
0 0 B,

but the entire block must be identical (Bo = B3); one cannot simply share individual elements in different
blocks. Either all the elements in two (or 3, or 4...) blocks are shared or none are shared.
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This is ok:

c d d 0 0 0
d ¢ d 0 0 O
d d ¢ 0 0 O
0 00 ¢ d d
0 00 d ¢ d
0 00 d d ¢
This is not ok:
c ddo o c d d 0 0 0
d ¢ d 0 0 0
d ¢ d 0 0
d d ¢ 0 0 0
d d ¢ 0 0| nor
0 0 0 ¢c e e
0 0 0 ¢ d
00 0 d e 0 0 0 e ¢ e
0 0 0 e e ¢

The first is bad because the blocks are not identical; they need the same dimensions as well as the same
values. The second is bad because again the blocks are not identical; all values must be the same.

5.8.4 Special case: a symmetric blocked matrix

The same derivation translates immediately to blocked symmetric Q matrices with the following form:

Ei Cio Cigs
Q=|Cio Ey GCo3
Ciz Coz [Es

where the E are as above matrices with one value on the diagonal and another on the off-diagonals (no zeros!).
The C matrices have only one free value or are all zero. Some C matrices can be zero while are others are
non-zero, but a individual C matrix cannot have a combination of free values and zero values; they have to
be one or the other. Also the whole matrix must stay block symmetric. Additionally, there can be shared
E or C matrices but the whole matrix needs to stay block-symmetric. Here are the forms that E and C can

take:
a B BB X X X X 0000
B a B B X X X X 0000
Ei: (Clz or
B B a B X X X X 0000
B B B «a X X X X 0000
The following are block-symmetric:
El (CLQ C1,3 E C C
CLQ ]E2 Cg,g and C E C
Ciz Cos Es C C E
E, C GCip
and Cl El CLQ
Ci2 Cip K
The following are NOT legal block-symmetric matrices:
El (CLQ 0 El 0 (Cl El 0 (CLQ
CLQ ]E2 Cg’g and 0 El (CQ and 0 El CLQ
0 Cyz Es C C E, Cio Cip E
U, Cip Ci3 D; Cip Ci3
and CLQ ]E2 Cg’g and (CLQ ]E2 (Cg,g
Ciz Cos Es Ciz Cys Es

In the first row, the matrices have fixed values (zeros) and free values (covariances) on the same off-diagonal
row and column. That is not allowed. If there is a zero on a row or column, all other terms on the off-diagonal
row and column must be also zero. In the second row, the matrix is not block-symmetric since the upper
corner is an unconstrained block (U;) in the left matrix and diagonal block (D1) in the right matrix instead
of a equal variance-covariance matrix (E).
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5.8.5 The general case: a block-diagonal matrix with general blocks

In it’s most general form, Q is allowed to have a block-diagonal form where the blocks, here called G are any
of the previous allowed cases. No shared values across G’s; shared values are allowed within G’s.

Gi 0 0
Q=10 Gz O
0 0 Gs

The G’s must be one of the special cases listed above: unconstrained, diagonal (with fixed or shared values),
equal variance-covariance, block diagonal (with shared or unshared blocks), and block-symmetric (with shared
or unshared blocks). Fixed blocks are allowed, but then the covariances with the free blocks must be zero:

0
0
2 0

0 O
Gy O
0 G
0 0 Gs

Fixed blocks must have only fixed values (zero is a fixed value) but the fixed values can be different from
each other. The free blocks must have only free values (zero is not a free value).

5.9 The general R update equation

The R update equation for blocked symmetric matrices with optional independent fixed blocks is completely
analogous to the Q equation. Thus if R has the form

F 0 0 0
oG 0o o0
R=10 0 G o0
0 0 0 Gs

Again the G’s must be one of the special cases listed above: unconstrained, diagonal (with fixed or shared
values), equal variance-covariance, block diagonal (with shared or unshared blocks), and block-symmetric
(with shared or unshared blocks). Fixed blocks are allowed, but then the covariances with the free blocks
must be zero. Elements like f; 4+ r; and r; + r; are not allowed in R. Only elements of the form f; and r;
are allowed. If an element has a fixed component, it must be completely fixed. Each element in R can have
only one of the elements in r, but multiple elements in R can have the same r element.

The update equation is

T -1 T
i1 = <ZDITDt1T) ZDZT vec (Tt7j+1> 136
=1 (136)

t=1
vec(Ry) 41 = f1r + Dyl

The Ty ;41 used at time step ¢ in equation 136 is the term that appears in the summation in the unconstrained
update equation with no missing values (equation 54):

- [ A —~ —~T ~ ~ D ~ ~ —_
Tt,j-‘rl = =t (Ot - thZ;r - Ztth — ytatT — atytT + ZtPtZtT + thtatT + atxtTZtT + atatT> .:;r (137)
where 2, = (H; H,) 'H] .

6 Computing the expectations in the update equations

For the update equations, we need to compute the expectations of X; and Y; and their products conditioned
on 1) the observed data Y (1) = y(1) and 2) the parameters at time ¢, ©;. This section shows how to compute
these expectations. Throughout the section, I will normally leave off the conditional Y'(1) = y(1),©; when
specifying an expectation. Thus any E[] appearing without its conditional is conditioned on Y (1) = y(1), ©;.
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However if there are additional or different conditions those will be shown. Also all expectations are over the
joint distribution of XY unless explicitly specified otherwise.

Before commencing, we need some notation for the observed and unobserved elements of the data. The
n x 1 vector y, denotes the potential observations at time ¢. If some elements of y, are missing, that means
some elements are equal to NA (or some other missing values marker):

Y1
NA

Ys
138
Yy = Y ( )
NA

Ye

We denote the non-missing observations as y,(1) and the missing observations as y,(2). Similar to y,, Y
denotes all the Y random variables at time ¢. The Y;’s with an observation are Y;(1) and those without an
observation are denoted Y;(2).

Let Q,(fl) be the matrix that extracts only Y;(1) from Y; and Q;(2) be the matrix that extracts only
Y:(2). For the example above,

100000
001000

Y1) =9y, o= 000100
0000 01 (139)
0100 0 0

Y.(2) =YY, 9 = 000010

We will define another set of matrices that zeros out the missing or non-missing values. Let Igl) denote a

diagonal matrix that zeros out the Y;(2) in Y; and I§2) denote a matrix that zeros out the Y;(1) in Y. For
the example above,

I = @ Tal = and

SO OO OO OO oo

(140)

1) = ()Tl -

OO OO O OO oo
OO OO0 OO o oo

DO DO OO O+ OO
SO OD O OO OO RO OO
OO OO OO0 HFOOOOoOOo

6.1 Expectations involving only X,

The Kalman smoother provides the expectations involving only X; conditioned on all the data from time 1
to T. The Kalman filter provides the expectations involving only X conditioned on all the data from time
1tot—1 and from time 1 to t. For the EM algorithm, we only need the smoother output and the expected
values conditioned on the data from time 1 to 7" and these are denoted with special symbol of a tilde over a
variable.

To present the algorithm for the Kalman smoother and filter, the expectations conditioned on time 1 to
t are needed. The notation for this general case will be z! to denote E[X,|Y (1)} = y(1)}, 0] where y(1)!
means the observed data (the (1) part) from time 1 to ¢ (the superscript). This is fairly common notation for
the conditional expectations in a Kalman filter and smoother and it is important to note that the superscript
is not a power notation but the upper time extent. The the expectations used in the previous sections on
the EM algorithm are the following:
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xe =i = BX,[Y(1)] =y(1), 0] (141a)

V.=V! = var[X,)Y()T =y(1)T, 0] (141b)
Vi1 =V = covX, X [Y ()T =y(1)T, 6] (141c)
From X;, Vt, and Vt i1, we compute

P, =P/ = BX.X/[Y(1)] =y(1)],0] =V, + %%, (141d)
i-:;t,t—l = Pft_l = EX, X t—1|Y(1)1 = (1)?7@] = Vt,t—l +;Ct;<tT_1 (141e)

The f’t and f’m,l equations arise from the computational formula for variance (equation 12). When com-
paring the Kalman filter and smoother algorithms here to Shumway and Stoffer, keep in mind the difference
in notation: P in Shumway and Stoffer is V; here not P} .

In the presentation of the EM algorithm, Y (1)¥ = y(1)7, © was dropped from the expectations to remove
clutter; thus EJ...] always denoted the conditional expectation E[...[Y (1) = y(1)7,0]. To present the
smoother algorithm, I present the other conditional expectations.

xi "= EX Y () =y 6] (142a)
EX,[Y(1)] =y(1)1, 0] (142b)

Vf U= var[X, Y (1) =y (1)1 0 (142c)
Vt = var[X,|Y (1 )1 zy(l)’i,G] (1424d)
(142e)

The first part of the Kalman smoother algorithm is the Kalman filter which gives the expectation at time
t conditioned on the data up to time ¢. The following the filter as shown in (Shumway and Stoffer, 2006,
section 6.2, p. 331), although the notation is a little different. The recursion starts at time ¢ = 1 and repeats
until t =T.

=BT +w (143a)

Vt '=B/Vi B +G,Q,G/ (143b)
oy =+ Koy, — Zezp ' — ay) (143c)
Vi= (L, —KZ)V;" (143d)
=vi'z/ (zvi'z! + BRHE]) T (143¢)

If the initial value is defined at ¢ = 0, then the filter starts at ¢t = 1 with the first two equations with zJ = &
and V; = A. If the initial value is defined at ¢ = 1, then the filter starts at ¢ = 1 with the third and fourth
equations with 29 = € and V| = A.

The Kalman smoother and lag-1 covariance smoother compute the expectations conditioned on all the
data, 1 to T

x?l—% 1+Jt 1("’1& - Y (144a)
Vi =Vii+3,.V-ViHil, (144b)
Ji=ViB/(vihH! (144c)

(144d)
Vir_1=0-KrZs)BrVi] (144e)
Vi 1t—2 = =V o+ 3 1<(Vt7:t71 B.Vi_1)J., (144f)

The classic Kalman smoother is an algorithm to compute these expectations conditioned on no missing
values in y. However, the algorithm can be easily modified to give the expected values of X conditioned on
the incomplete data, Y (1) = y(1) (Shumway and Stoffer, 2006, section 6.4, eqn 6.78, p. 348). In this case,
the usual filter and smoother equations are used with the following modifications to the parameters and data
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used in the equations. If the i-th element of y, is missing, zero out the i-th rows in y,, a and Z. Thus if the
2nd and 5th elements of y, are missing,

v ax 21,1 21,2
0 0 0 0
* Y3 * as * 231 232 ...
= R a, = , Z — ) 5 145
Ye Ya t a4 t 241 Z4,2 ( )
0 0 0 0
Ye ae 26,1 6,2

The R; parameter used in the filter equations is also modified. We need to zero out the covariances
between the non-missing, y,(1), and missing, y,(2), data. For the example above, if

i,1 ri2 i,y Tiga Ty Tie
2,1 T2,2 T23 T24 T25 T26
R, — HtRH: _ |T31 732 733 T34 T35 T36 (146)
Ta1 T4a2 T43 Ta4a T4as5 Tiae
s, Ts2 Ts53 Ts54 Ts55 T56
re,1 Te,2 76,3 Te4 T6,5 76,6

then the R; we use at time ¢, will have zero covariances between the non-missing elements 1,3,4,6 and the
missing elements 2,5:
rip 0 73 ria 0 T
0 72,2 0 0 2,5 0
% r31 0 733 134 0 7136
R, = rg1 0 7143 7T4a 0 14 (147)
0 7"572 0 O 7’575 0

reg 0 7163 7164 0 7166

Thus, the data and parameters used in the filter and smoother equations are

1
y; = 5‘ )yt

a; = IE )at
z: =17,

R; = IRV + IR,

(148)

a;, Z; and R; only are used in the Kalman filter and smoother. They are not used in the EM update
equations. However when coding the algorithm, it is convenient to replace the NAs (or whatever the missing
values placeholder is) in y, with zero so that there is not a problem with NAs appearing in the computations.

6.2 Expectations involving Y,

First, replace the missing values in y, with zeros'* and then the expectations are given by the following
equations. The derivations for these equations are given in the subsections to follow.

y: = EYd =y, — Vily, — Zix¢ — &) (149a)

0, = E[Y, YT] =1%(VHRH, +V,Z,V,Z, V) 1¥ +3,5] (149b)

yX, = BY X | = ViZV, +§,%/ (149c)

YXi 41 = EY. X/ ] = Vtzti;zzt—l + ?till (149d)
where V, =1 - HR,H] (@")T(@VH,RH (M) 1V (149¢)
and I? = Q)T (149f)

14 The only reason is so that in your computer code, if you use NA or NaN as the missing value marker, NA-NA=0 and
0*NA=0 rather than NA.
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If y, is all missing, Qil) is a 0 X n matrix, and we define (le))T(le)R(le))T)*lﬂgl) to be a n X n matrix
of zeros. If R, is diagonal, then Rt(le))T(le)Rt(le))—r)*lﬂgl) = Igl) and V; = I§2). This will mean that
in y, the y,(2) are given by Z;X; + a;, as expected when y,(1) and y,(2) are independent.

If there are zeros on the diagonal of R; (section 7), the definition of V; is changed slightly from that

shown in equation 149. Let UET) be the matrix that extracts the elements of y, where y,(¢) is not missing
AND H,R,(i,i)H, is not zero. Then

V, =1-HRH, ()T O"HRH] (G7)T) 150" (150)

6.3 Derivation of the expected value of Y,

In the MARSS equation, the observation errors are denoted H;v;. v; is a specific realization from a random
variable V; that is distributed multivariate normal with mean 0 and variance R;. V; is not to be confused
with V; in equation 141, which is unrelated!® to V;. If there are no missing values, then we condition on
Y; =y, and

EY.[Y(1) =y(1)] = EY Y =y,] =y, (151)
If there are no observed values, then
EY Y (1) =y(1)] = E[Y,] = E[Z, X + a; + V4| = Z;X; + & (152)

If only some of the Y, are observed, then we use the conditional probability for a multivariate normal
distribution (here shown for a bivariate case):

Y, pr| o [ M2
If ~ MVN 153
’ [YJ <L~LQ] ) {221 EQQ]) (133)

Mi|Y1 =y1) =31, and

(Y2|Y1 = y1) ~ MVN(fz,X), where
fi = p2 + S S (g1 — 1)
DIESD PR D ) P

Then,
(154)

From this property, we can write down the distribution of Y; conditioned on Y;(1) = y,(1) and X; = @;:

{Yt(1)|Xt - xt} N

Yt(2)|Xt =Xt
Q(l) VA H.R HT IR HT (155)
MVN( t (Zixy + ay) ’ {( Ry tT)n (H:R, %)12]>
Q2 (Zyx, +a,) | [(HRH] )or  (HRH )
Thus,
(Yi(Y:(1) =9,(1), X; =z,) = )y, and
Y2V (1) =y, (1), X; = 2) ~ MVN(ji, %) where
ji = QP (Zymy + a) + Reoy(Renn) ' (y, — Zoz, — ay) (156)
Y= Rt,22 - Rt,Ql(Rt,ll)_lﬁt,IZ
Rt = Ht].:{,thT

Note that since we are conditioning on X; = z;, we can replace Y (all data from time 1 to T') by Y, (data
at time t) in the conditional:

EY.[Y(1) =y(1),X: =] = EY|Y:(1) =9,(1), X = 2]

151 apologize for the confusing notation, but ‘7,5 and v¢ are somewhat standard in the MARSS literature and it is standard to
use a capital letter to refer to a random variable. Thus V; would be the standard way to refer to the random variable associated
with v.
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From this and the distributions in equation 156, we can write down y, = E[Y,|Y (1) =y(1),0,]:
Yi = Exy[Y Y (1) = y(1)]
/ / Yo f (Yely, (1), ) dy, f () d
z, Jy,

= Ex[Eyp[Y:|Y:(1) =9,(1), Xy = 2] (157)
= Ex[y, — Vi(y, — Z: X+ — ay)]
=y, — Vi(y, — ZiXs — ay)

where V, =T — R (") T (Ry11) 'Y

(QEI))T(ﬁt’ll)_lﬂﬁl) is a » x n matrix with Os in the non-(11) positions. If the k-th element of y, is observed,
then k-th row and column of V, will be zero. Thus if there are no missing values at time ¢, V, =1 -1 = 0.
If there are no observed values at time ¢, V; will reduce to I

6.4 Derivation of the expected value of Y, Y,

The following outlines a'® derivation. If there are no missing values, then we condition on Y; =y, and
EY. Y/ V(1) =y(1)] = EY. Y/ Y, =y] =y (158)
If there are no observed values at time ¢, then
E[Y,Y/]
= VaI'[ZtXt +a; + HtVt] + E[Zt.Xt —+a; + HtVt} E[ZtXt +a; + HtVt]T

= var[V] + var[Z,X,] + (E[ZX, + a,] + E[H,V,])(E[Z, X, +a] + E[H,V,]))"
= Rf + Zt?fZ: + (Ztit + at)(ztit + at)T

(159)

When only some of the Y; are observed, we use again the conditional probability of a multivariate normal
(equation 153). From this property, we know that

vary |, [Y:(2)[Y (1) = y,(1), X: = 2] = Ry 20 — Re o1 (Re11) "R 12,
vary |, [Y¢(1)[Y (1) = y,(1), X, = 2] = 0
and COVy‘w[Yt(].),Yt(QMYt 1) = yt(]-)vXt = :l:t] =0

Thus vary|,[Y¢[Y (1) = y,(1), X = x4]
= (QEQ))T(Rt,QQ - Rt,Ql(Rt,11)_1Rt,12)Q§2)
= ()T QPR - 9PR,(QY)T (Re10) VR, () Y
=LY (R, - Ry(")T (Ry00) ' QVR)L?

== I§2)VthI§2)

(160)

The IEQ) bracketing both sides is zero-ing out the rows and columns corresponding to the y,(1) values.
Now we can compute the Exy[YY, [Y (1) = y(1)]. The subscripts are added to the E to emphasize that

16The following derivations are painfully ugly. There are surely more elegant ways to do this; at least, there must be more
elegant notations.
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we are breaking the multivariate expectation into an inner and outer expectation.
O; = Exy[Y,Y[[Y(1) =y(1)] = Ex[Ey,[Y ¥/ |Y,(1) =y,(1). X, = z,]]
= Ex[vary [V |V (1) = y,(1), X = z/]
+ By [YoYi (1) =9,(1), Xy = 2] By, [V Y1 (1) = 9,(1), X, =2, ]
= Ex[IVViRIP | + Bx[(y, — Vily, — ZeXo — a0) (Y, — Vily, — ZiX: —a,)7] (161)
= I§2)VthI§2) + varx [y, — Vi(y, — Ze X, — ay)]
+ Ex[y, — Vi(y, — ZeX: — a)| Exly, — Vily, — Z:X: —ay)]
=17VRAP + 17V, 2.V, 2 VI + 5,5/
Thus,
O =17 (iR, + V.2V, 2] VI + 5,3/ (162)
and
varxy [V [¥, (1) = y,(1)] = L7 (VR + V.2,V 2] V)L (163)
The variance can be decomposed into two parts via the law of total variance:
varxy [YeY(1) =9,(1)] = Ex[vary o [Ye|Y(1) =y, (1), X¢]] + varx[By o [Y V(1) = y,(1), X4]]  (164)

Using equations 164, 160, and 163, we can solve for the variance (over ;) of the expected value of Y;|Y (1) =
y,(1) conditioned on X; =

VaI‘X[EY\z[Yt|Yt(1) =y,(1), X4]]
= varxy [Y|Y (1) = y,(1)] = Ex[vary ,[Y[Y (1) = y,(1), X:]]
=1P(VR, + V.2,V Z] V)1 — 1P v, R, 1%
=17V, 2,V 2] v/ 1}

Though this variance is not used in the EM algoritm, it gives us the confidence intervals for the expected
value of missing data while the variance of Y;|Y (1) = y,(1) gives us the prediction intervals for missing
data.

(165)

6.5 Derivation of the expected value of Y, X,
If there are no missing values, then we condition on Y; =y, and

ElY. X, [Y(1) =y(1)] =9, EX/] =%, (166)
If there are no observed values at time ¢, then

E[Y X/ Y (1) = y(1)]

= E[(ZX: +a +V)X/]

= BZX.X] +a X, +V.X/] (167)

=Z,P, +aX, + cov[Vi, X, + E[V,E[X,]"

= th’t + ati:

Note that V; and X; are independent (equation 1). E[V] =0 and cov[Vy, X;] = 0.
Now we can compute the EXy[YtXtT|Y(1) =y(1)].

yx, = Exy [V X[ [Y (1) =y(1)]
= cov[Y', X4 |V, (1) = y,(1)] + Exy [Y4|[Y (1) = y(1)] Exy[X/ [Y(1) = y(1)]
= covly, = Vily, — ZiX, — a) + Vi, X + 7, %/]
covly,, X¢] — cov[Vy,, X¢] + cov[ViZ: X, X 4] + cov[Viay, X (168)
+ cov[Vi, X +¥.%,
—0-0+ViZV,+0+0+y,X,
=ViZ Vi +5,X]
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This uses the computational formula for covariance: E[Y X "] = cov[Y,X]+ E[Y]E[X]T. V] is a random
variable with mean 0 and variance Ry 22 — Ry 21 (R 11) 'Ry 12 from equation 156. V; and X, are independent
of each other, thus cov[V}, X, ] = 0.

6.6 Derivation of the expected value of Y, X, |

The derivation of E[Y, X, ] is similar to the derivation of E[Y . X, ,]:

X, = EXY[YtX:—1|Y(1) =y(1)]

cov[Y'e, Xy 1[Yo(1) = g, (1)] + Exy[Y4|Y (1) = y(1)] Exy (X, [Y (1) = y(1)]"

= covly, — Valy, — ZeXo —a) + Vi, Xo ] + 7,8,

covly,, Xi—1] — cov[Vy,, Xi—1] + cov[]ViZ, X, X 1] (169)
+ cov[Via, X; 1]+ cov Vi, X ]+ ¥.X,,

=0-0+ViZVii1 +0+0+5,%
=ViZiVig 1+ ?ti:q

7 Degenerate variance models

It is possible that the model has deterministic and stochastic elements; mathematically this means that
either G¢, H; or F have all zero rows, and this means that some of the observation or state processes are
deterministic!” Such models often arise when a MAR-p is put into MARSS-1 form. Assuming the model is
solvable (one solution and not over-determined), we can modify the Kalman smoother and EM algorithm to
handle models with deterministic elements.

The motivation behind the degenerate variance modification is that we want to use one set of EM update
equations for all models in the MARSS class—regardless of whether they are partially or fully degenerate!®.
The difficulties arise in getting the u and & update equations. If we were to fix these or make £ stochastic
(a fixed mean and fixed variance), most of the trouble in this section could be avoided. However, fixing
& or making it stochastic is putting a prior on it and placing a prior on the variance-covariance structure
of & that conflicts logically with the model is often both unavoidable (since the correct variance-covariance
structure depends on the parameters you are trying to estimate) and disastrous to one’s estimation although
the problem is often difficult to detect especially with long time series. Many papers have commented on this
subtle problem. So, we want to be able to estimate &€ so we do not have to specify A (because we remove it
from the model altogether). Note that in a univariate £ model (one state), A is just a variance so we do not
run into this trouble. The problems arise when z is multivariate (>1 state) and then we have to deal with
the variance-covariance structure of the initial states.

7.1 Rewriting the state and observation models for degenerate variance systems

Let’s start with an example where y2 ; (2nd y) has no added observation error.

10
Ro=| L %2l andH, =0 0 (170)
02 1 o1

Let Q;T be a p x n matrix that extracts the p non-zero rows from H;. The diagonal matrix (QIT)TQZT = IZT
is a diagonal matrix that can zero out the H, zero rows in any n row matrix.

17Deterministic means that given the parameters, the states or observation processes have known values and are not random
variables.
18Degenerate means zeros on the diagonal of the variance-covariance matrix, which appears as a zero row in G¢, H; or F.
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OO =
o O O
_— o O

2 0 0 1
(171)
Y1 A
v =9y, = { } yi =Ty, =0
Ys],
Y3,

Let ngr) be a (n — p) X n matrix that extracts the n — p zero rows from H;. For the example above,

00 0
%= 1 0 11 = @) = o 1 0

00 0

. (172)
yEO):Qﬁ?’gyt: [y:s]t yl(fO):Ig?’l?yt: Y2

0

(0)

t,q extracts the zero rows.

Similarly, Q?‘ q extracts the states associated with the non-zero rows in G and €2
Itf q and Ig?q) are defined similarly.
Using these definitions, we can rewrite the state process part of the MARSS model by separating out the

deterministic parts. a,-§°) is the rows of x; that are associated with all-zero rows of Gy, that means there is

no wy in the z; equation for those rows®
(Ego) = Q;Oq)$t = Qg?q) (tht—l + ut)
zf =Qf = Qf (Buwi_1 +uy + Gwy) (173)
w; ~ MVN(0,Q,)

Similarly, we can rewrite the observation process part of the MARSS model by separating out the parts with
no observation error:

y:EO) = ﬂg?r)yt = Qg?r)(ztxt +ay)
= ng) (Zt]:?:qzt + ZtI(O):l:t + at)

r t,q
y:r = Qz':ryt = Q::T(tht +a + Ht’Ut) (174)
= Q;t,,.(zt:[::q(tt + Ztlg?q)xt +a; + Htvt)
v ~ MVN(0,Ry)
In order for this to be solvable using an EM algorithm with the Kalman filter, we require that no estimated
B or u elements appear in the equation for ygo) (via z; in that equation). Since the ygo) do not appear in
the likelihood function (since HEO) = 0), ygo) would not affect the estimate for the parameters appearing

in the y,E‘)) equation. This translates to the following constraints, (11x.,, ® QEOT) ZtI,E?q))Dtﬁb is all zeros and

QEOQ Ztlg?q) D, is all zeros. Also notice that ﬂi?T?Zt and Q,EO,? a; appear in the y(*) equation and not in the y*

equation. This means that Q,(for) Z; and ngr) a; must be only fixed terms.

In summary, the degenerate model can be reduced to the following (with 2y not specified yet).

20 — Bz, + ul
) =Bz, +u + Glw,
w; ~ MVN(0,Q,)

vl = 20T e, + ZO1Oz, + a” (175)
yi =2z +a Hfv,

=Z 1}z, + 2,17z, + a] + H v,

vy ~ MVN(0,R)

191},1' = By¢,ixt—1 + uy; where the i subscript means i-th row.
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where B,EO) = Qg?q)Bt and B = tath so that B§°) are the rows of B; corresponding to the zero rows of Gy
and B} are the rows of B; corresponding to non-zero rows of G;. The other parameters are similarly defined:
w® = %, and uf = Qf u,, 2V = )7, and Z} = O, Z,, and a” = Q%) a, and af = O a,.

7.2 Identifying the fully deterministic x rows

To derive EM update equations, we need to take the derivative of the expected log-likelihood holding every-
thing but the parameter of interest constant. If there are deterministic ; rows, then we cannot hold these
constant and do this partial differentiation with respect to the state parameters. We need to identify these x;
rows and remove them from the likelihood function by rewriting them in terms of only the state parameters®’.
For this derivation, I am going to make the simplifying assumption that the locations of the all-zero rows in
G; and H; are time-invariant. This is not strictly necessary, but simplifies the algebra greatly.

For the deterministic ; rows, denoted :l:f, the process equation is ; = Byx;_1 + w;, with no w; term.
When we do the partial differentiation step in deriving the EM update equation for u, B or &, we will need
to take a partial derivative while holding x; and x; 1 constant. We cannot hold the deterministic rows of x;
and z;_1 constant while changing the corresponding rows of u; and By (or £ if t =0 or ¢t = 1). If a row of
x; is fully deterministic, then that z;: must change when row ¢ of u; or B; is changed. Thus we cannot do
the partial differentiation step required in the EM update equation derivation.

So we need to identify the fully deterministic ; and treat them differently in our likelihood so we can
derive the update equation. First I will define some terminology regarding the x;.

e (0) rows of any z, B, u or I matrix that are associated with all-zero rows of Gy, e.g. :1:,(50).

(4) rows of any z, B, u or I matrix that are associated with non-zero rows of Gy, e.g. :I;EJF).

e ’directly stochastic’ x; are denoted :l:fs. These are the same as .'I:t+ . These z; have a w; from their row
Of Gt-

L 0 . . .
e ’deterministic’ z; are denoted x¢. These are those .'z:,(t ) which have no w; terms either from their own

row or picked up through B from a non-zero row of Gy.

e ’indirectly stochastic’ z; are denoted xi*. Indirectly stochastic zi* have a corresponding row of G, that
is all zero, but pick up a w; from a non-zero row of G; through B in one of the prior B;x; steps.

The stochastic z; are denoted xj whether they are indirectly or directly stochastic.

How do you determine the d, or deterministic, set of x; rows? These are the rows of z; with no w
terms, from time ¢ or from prior t. Note that the location of the d rows is time-dependent, a row may be
deterministic at time ¢ but pick up a w at time ¢ + 1 and thus be indirectly stochastic thereafter. I am
requiring that once a row becomes indirectly stochastic, it remains stochastic; rows are not allowed to flip
back and forth between deterministic (no w terms in them) and stochastic (containing a w term).

I will work through an example and then show a general algorithm to keep track of the deterministic rows
at time ¢.

Example

Let 2o = £ (so F is all zero and x is not stochastic). Define I, T:*, and I¢ as diagonal indicator matrices with
alatI(4,1) if row i is directly stochastic, indirectly stochastic, or deterministic respectively. Ifs—f—Iis—i—If =1,.
Let our state equation be ; = Bx;_1 + Gw;. Let

1 1 0 0 1
1 0 0 O 0
B= 010 0 G = 0 (176)
00 0 1 0
At t =0, z¢ is fixed, aka deterministic.
Uyt
_ ™2
o = - (177)
Ty

20Then we can do the partial differentiation with respect to the parameters.
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1 0 00 0 0 0O
4_ |0 1 0 0 s _q1is_ |0 0 0 O
To = 00 10 =Ty = 0 0 0O (178)
0 0 0 1 0 0 0 O
At t =1, the z; begin picking up w; starting with x; ;.
T + T + W1
_ ™
T = T (179)
4
0 0 0O 1 0 0 0 0 0 0O
i |01 00 as |0 0 0 0 is |0 0 0 0
Il700 1 0 Il70000 Il70000 (180)
0 0 01 0 0 0 0 0 0 0O
At t =2, x5 9 picks up w; through B.
+w2
gy = |TL T2 (181)
m
T4
0 0 0O 1 0 0 0 0 0 0O
4a_ |0 0 0 0 as [0 0 0 O is |01 0 0
I, = 0 010 I’ = 0 0 0 O Iy = 0 0 0O (182)
0 0 01 0 0 0 O 0 0 0O
By t = 3, the I? and I*® stabilize.
co W A+ we + ws
...+w1+w2
= 1
E T + T + Wy (83)
T4
0 0 0O 10 0 0 0 0 0O
a_|0 0 0 O as |0 0 0 O is |01 0 0
I = 0 0 0O Iy = 0 0 0 O Iy = 0 010 (184)
0 0 01 0 0 0 0 0 0 0 O

After time ¢t = 3 the location of the deterministic and indirectly stochastic rows is stabilized and no longer
changes.

Finding the indirectly stochastic rows

In general, it can take up to m time steps for the location of the deterministic rows to stabilize. This is
because B; is like an adjacency matrix, and I require that the location of the 0 elements in B1Bs...B; is
time invariant. If we replace all non-zero elements in B; with 1, then we have an adjacency matrix, let’s call
it M. If there is a path in M from z;,, where j is a (0) row of , to an x;;, where i is a (+) row, then
row j of & will eventually be indirectly stochastic. Graph theory tells us that it takes at most m steps for a
m X m adjacency matrix to show full connectivity. This means that if element (j,4) is 0 in M™ then row j
is not connected to row i by any path and thus will remain unconnected for M*>™; note element i, j can be
0 while j,14 is not.

This means that to determine if x4, in the (0) rows, is indirectly stochastic, we raise M, to the ¢t power
and look if there is a non-zero value in the j-th row and any (4) columns of M. In words, we looking for
a path from z;; to any x4 in the past. We do not need to do this past ¢ = m since the location of the
indirectly stochastic and deterministic rows stabilize by then.

Since my B; matrices are small, I use an inefficient strategy in the MARSS code to construct the indicator
matrices Ifi. I define M as B; with the non-zero B replaced with 1; I require that the location of the non-zero
elements in By are time-invariant so there is only one M. Within the product M’, those rows where only 0s
appear in the ’stochastic’ columns (non-zero Gy rows) are the fully deterministic ;41 rows. Note, ¢ + 1 so
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one time step ahead. There are much faster algorithms for finding paths, but my M tend to be small. Also,
unfortunately, using B? in place of M is not robust. Let’s say B = [*11 *12}, G = [(1)] and x¢ is fixed (not
stochastic). B? is a diagonal matrix suggesting that no connection between zo and 1 at time t = 2. That

is incorrect. g is indirectly stochastic.

7.2.1 Redefining the z¢ elements in the likelihood

Because the deterministic rows of x; do not appear in the & part of the likelihood (no error term = no
likelihood), we have to move them into the y part of the likelihood. To do that we need to re-write them in
terms of only model parameters and remove all £;_; terms. This section walks through how to do that.

By definition, all the B; elements in the ds and is columns of the d rows of B; are 0. If they weren’t, then
z¢ wouldn’t be a deterministic row because it would pick up a w from a directly or indirectly stochastic x from
a prior t — 1. This is due to the constraint that I have imposed that locations of Os in B; are time-invariant
and the location of the zero rows in G; also time-invariant: I;’ and IEZO) are time-constant.

Example

Consider this B and G, which would arise in a MARSS version of an AR-3 model:

by by b3 1
B=|1 0 0| G=|0 (185)
0 1 0 0
Using z¢ = € (so fixed and not stochastic):
T ..._|_w1 ..._|_w2 ..._|_w3
Xog = |2 xr = 1 o= |-t wy T3 = |-+ w2 (186)
3 T2 1 st wy

The ... just represent ’some values’. The key part is the w appearing which is the stochasticity. At ¢t = 1,
rows 2 and 3 are deterministic. At t = 2, row 3 is deterministic, and at ¢ = 3, no rows are deterministic.
The I¢ are:

000 000 00 0
=10 1 0f I,=1]0 0 0f Ily=1{0 0 0 (187)
00 0 0 00
The M are:
111 00 0 000
M=|[10 0 M’=[0 0 O] Il;=/0 0 O (188)
010 00 000

We can rewrite the equation for the deterministic rows in x; as follows. :l:f is x; with the d rows zeroed

out, so a:‘ti = Ig’ta:t.
xd = If]l’l.'z:l
= 1271(]31330 +f,1+ Dy 1v)
Tl = 1372:1:2
=1¢,(Bomy + ) (189)
=1,2B2((B1zo + £y 1 + Dy 1v) + £ 2 + Dy ov)
= I5(B2B1zo + Bof1,u + f2u + (B2Du 1 + Dy 2)v)

The messy part is keeping track of which rows are deterministic because this will potentially change up to
time t = m.
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We can rewrite the function for z¢, where t; is the ¢ at which the initial state is defined. It is either t = 0
ort=1.
d _ yd * * *
z; = I} (Bizy, + f; + Djv)
where
B =1,
B;=BB; ; t>t

£ =0
£5 =By | +fi, t>1 (190)
D;, =0

D; =B,D; ,+D,, >t

d d
L., =1\

diag(I} ) = apply(QM™ QS == 0,1,all)

The bottom line is written in R: IfO+T is a diagonal matrix with a 1 at (i,4) where row i of G is all 0 and all

ds and is columns in row i of M are equal to zero.
In the expected log-likelihood, the term E[XY] = E[X%Y = y], meaning the expected value of X¢
conditioned on the data, appears. Thus in the expected log-likelihood the function will be written:

X! =14B;X,, +f; + D}v)

d d * * * (191)
E[X{] = I;(B; E[Xy,] + f; + Djv)

When the j-th row of F is all zero, meaning the j-th row of xy is fixed to be &;, then E[X,, ;] =&;. This
is the case where we treat x;, ; as fixed and we either estimate or specify its value. If z;, is wholly treated
as fixed, then E[X, ] = € and A does not appear in the model at all. In the general case, where some z, ;

are treated as fixed and some as stochastic, we can write E[X | appearing in the expected log-likelihood as:
E[X1,] = (L — 1) EIX ] + 10 (192)

Ig\o) is a diagonal indicator matrix with 1 at (j,7) if row j of F is all zero.
If B4Y and u? are time-constant, we could use the matrix geometric series:

de + de de tzd + _Bd,d —1 I-— Bd,d t _u.d7 if Bd,d I
Z Y+ (1 B (L (B .

zd 4+ u?, 1de’d:I

where B%? is the block of d’s associated with the deterministic z;.

7.2.2 Dealing with the z/* elements in the likelihood and associated parameter rows

Although w?* = 0, these terms are connected to the stochastic z’s in earlier time steps though B, thus all zi*
are possible for a given u;, B, or €. However, all zi* are not possible conditioned on z;_1, so we are back in
the position that we cannot both change x; and change u;.

Recall that for the partial differentiation step in the EM algorithm, we need to be able to hold the F[X}]
appearing in the likelihood constant. We can deal with the deterministic z; because they are not stochastic
and do not have ’expected values’. They can be removed from the likelihood by rewriting ¢ in terms of the
model parameters. We cannot do that for zi* because these x are stochastic. There is no equation for them;
all 2 are possible but some are more likely than others. We also cannot replace zi* with Bi*E[X;_] + ui®
to force BY* and u’® to appear in the y part of the likelihood. The reason is that E[X,] and E[X,_;] both
appear in the likelihood and we cannot hold both constant (as we must for the partial differentiation) and
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at the same time change Bt or u}® as we are doing when we differentiate with respect to B}® or u)i*. We
cannot do that because 2i° is constrained to equal B¥*z,_; 4+ ui®.

This effectively means that we cannot estimate BY* and u?® because we cannot rewrite 2* in terms of
only the model parameters. This is specific to the EM algorithm because it is an iterative algorithm where
the expected X; are computed with fixed parameters and then the E[X;] are held fixed at their expected
values while the parameters are updated. In my B update equation, I assume that BEO) is fixed for all ¢.
Thus I circumvent the problem altogether for B. For u, I assume that only the u’® elements are fixed.

7.3 Expected log-likelihood for degenerate models

The basic idea is to replace Ig E[X ] with a deterministic function involving only the state parameters (and
E[X;,] if X, is stochastic) . These appear in the y part of the likelihood in Z;X; when the d columns of
Z; have non-zero values. They appear in the x part of the likelihood in B;X; 1 when the d columns of B;
have non-zero values. They do not appear in X; in the & part of the likelihood because QQ; has all the non-s
columns and rows zeroed out (non-s includes both d and is) and the element to the left of Q; is a row vector
and to the right, it is a column vector. Thus any z¢ in X; are being zeroed out by Q.

The first step is to pull out the Ith:

Ut = EllogL(Y'T,X";0

w\»—*

T
1
(Yt — Zt(I'm — Ig)Xt — ZtItXt — at)TRt
T
1
Y, - Z(1,, — Ig)Xt - ZtIth —a) — B EIOg IR

Lz (194)
-3 > X —By((In — I )X, + I, X ) —u) ' Q

to+1
1 X
(Xt =By — T )X + T, X 1) —wy) — 5 > log|Qy|
to+1
1 T 1 n
- §(Xto —&) L(Xy, — &) - §log|A| - 510g27f
See section 7.2 for the definition of I¢.

Next we replace IgX ¢+ with equation 190. X, will appear in this function instead of z;,. I rewrite u; as
f,++ D, v. This gives us the expected log-likelihood:

T
1
+t Xt 2
Ut = EllogL(Y", X = B[ 21:
Y, — Z(I,, —IHX, — Z,I}(B; X,, + f; + Djv) —a,) 'R,

Y, — Z;(L, —1HX, — ZI1¢(B; X, +f; + D}v) . Zlog IR
(195)

T
1 %
5 Z(Xt*Bt((I I )X + T, (B X4, + £y + D;_yv)) — £ — Dy0) ' Q
tot+1
(Xt—B (T =T )X 1 + T, (B} 1 Xty +E1 + Dy +v)) — fur — Dy )

1 n
-3 Zlog Ql -3 Xto €)L(Xy, — &) — 5 log|A| - 5 log 27

where B*, f* and D* are defined in equation 190. R, = Z/R;'Z; and Q; = ®,/Q; '®;, L = IITA'IL
When z;, is treated as fixed, L = 0 and the last line will drop out altogether, however in general some rows
of x4, could be fixed and others stochastic.
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We can see directly in equation 195 where v appears in the expected log-likelihood. Where p appears is
less obvious because it depends on F, which specifies which rows of z;, are fixed. From equation 192,

E[X¢,) = (L, — L) E[X,,] + I”¢

and & = f¢ +D¢p. Thus where p appears in the expected log-likelihood depends on the location of zero rows

in F (and thus the zero rows in the indicator matrix Il(o)). Recall that E[X,] appearing in the expected
log-likelihood function is conditioned on the data so E[X, ] in ¥ is not equal to £ if z;, is stochastic.

The case where x;, is stochastic is a little odd because conditioned on X, = z,, .'z:f is deterministic even
though X is a random variable in the model. Thus in the model, z¢ is a random variable through X,,. But
when we do the partial differentiation step for the EM algorithm, we hold X at its expected value thus we
are holding X, at a specific value. We cannot do that and change u at the same time because once we fix
X, the ¢ are deterministic functions of u.

7.4 Logical constraints to ensure a consistent system of equations

We need to ensure that the model remains internally consistent when R or Q goes to zero and that we do
not have an over- or under-constrained system.
As an example of a solvable versus unsolvable model, consider the following.

0 0 0 0 0O
1 0] |a O 0 a 0O
HR: =1y [0 b]_OO b oof (196)
00 0 0 0O
then following are bad versus ok Z matrices.
c d 0 c 0 0
2(2,1) 2(2,2) 2(2,3) 2(2,1) 2(2,2) 2(2,3)
Zivad = 2(3,1) 2(3,1) =2(3,1)]’ Zok = 2(3,1) 2(3,1) =2(3,1) (197)
c d 0 c d#0 0

Because y:(1) and y;(4) have zero observation variance, the first Z reduces to this for ;(1) and z,(2):

)] = [t + don)] .

and since y;(1) # y+(4), potentially, that is not solvable. The second Z reduces to

{yt(l)] - th(f)xjr( 11)%(4)} (199)

and that is solvable for any y:(1) and y:(4) combination. Notice that in the latter case, x+(1) and x:(2) are
fully specified by y:(1) and y:(4).

7.4.1 Constraint 1: Z does not lead to an over-determined observation process

We need to ensure that a x; exists for all yio) such that:
EY ("] = zOE[X,] +a®.

If 2 is invertible, such a x; certainly exists. But we do not require that only one x; exists, simply that at
least one exists. Thus the system can be under-constrained but not over-constrained. One way to test for
this is to use the singular value decomposition (SVD) of Z(¥ (Z(¥) square). If the number of singular values
of Z(® is less than the number of columns in Z, which is the number of x rows, then AR specifies an over-
constrained system (y = Z2?!) Using the R language, you would test if the length of svd(Z)$d is less than
than dim(z) [2]. If Z(© specifies and under-determined system, some of the singular values would be equal

21This is the classic problem of solving the system of linear equations, which is standardly written Az = b.
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to 0 (within machine tolerance). It is possible that Z© could specify both an over- and under-determined
system at the same time. That is, the number of singular values could be less than the number of columns
in Z© and some of the singular values could be 0.

Doesn’t a Z with more rows than columns automatically specify a over-determined system? No. Consid-
ered this Z

10
0 1 (200)
0 0

This Z is fine, although obviously the last row of y will not hold any information about the . But it could
have information about R and a, which might be shared with the other y, so we don’t want to prevent the
user from specifying a Z like this.

7.4.2 Constraint 2: the state processes are not over-constrained.

We also need to be concerned with the state process being over-constrained when both Q = 0 and R =0
because we can have a situation where the constraint imposed by the observation process is at odds with the
constraint imposed by the state process. Here is an example:

o 1 0 T

=00 1 |,

b ol
T2y 0 0] [@2],_, 01
In this case, some of the x’s are deterministic, Q = 0 and not linked through B to a stochastic x, and
the corresponding y are also deterministic. These cases will show up as errors in the Kalman filter /smoother
because in the Kalman gain equation (equation 143e), the term ZtfothT will appear when R = 0. We
need to make sure that 0 rows in By, Z; and Q, do not line up in such a way that 0 rows/cols do not appear

in ZtV§_IZ;r at the same place as 0 rows/cols in R. In MARSS, this is checked by doing a pre-run of the
Kalman smoother to see if it throws an error in the Kalman gain step.

(201)

8 EM algorithm modifications for degenerate models

The R, Q, Z, and a update equations are largely unchanged. The real difficulties arise for the u and &
update equations when u(® or E(O) are estimated. For B, I do not have a degenerate update equation, so I
need to assume that B(®) elements are fixed (not estimated).

8.1 R and Q update equations

The constrained update equations for Q and R work fine because their update equations do not involve any
inverses of non-invertible matrices. However if HtR,‘/H;r is non-diagonal and there are missing values, then
the R update equation involves ¥,. That will involve the inverse of H;Ri;H, (section 6.2), which might
have zeros on the diagonal. In that case, use the V; modification that deals with such zeros (equation 150).

8.2 7Z and a update equations

We need to deal with Z and a elements that appear in rows where the diagonal of R = 0. These values will
not appear in the likelihood function unless they also happen to also appear on the rows where the diagonal
of R is not 0 (because they are constrained to be equal for example). However, in this case the 7 and a©®
are logically constrained by the equation

W0 =7 Bl ol

Notice there is no w; since R = 0 for these rows. The E[z;] is ML estimate of z; computed in the Kalman
smoother from the parameter values at iteration ¢ of the EM algorithm, so there is no information in this
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equation for Z and a at iteration ¢ 4+ 1. The nature of the smoother is that it will find the z; that is most
consistent with the data. For example if our y = Zx + a equation looks like so

3-[)-

there is no x that will solve this. However & = 1 is the closest (lowest squared error) and so this is the
information in the data about . The Kalman filter will use this and the relative value of Q and R to come
up with the estimated z. In this case, R = 0, so the information in the data will completely determine x
and the smoother would return = = 1 regardless of the process equation.

The a and Z update equations require that Zle DtT,a]RtDm and ZZ;I D;RtDm are invertible. If ZEO)

and aff)) are fixed, this will be satisfied, however the restriction is a little less restrictive than that since it

is possible that R; does not have zeros on the diagonal in the same places so that the sum over ¢ could be
invertible while the individual values at ¢ are not. The section on the summary of constraints has the test
for this constraint.

The update equations also involve y,, and the modified algorithm for y, when H; has all zero rows will
be needed. Other than that, the constrained update equations work (sections 5.2 and 5.7).

8.3 u update equation

Here I discuss the update for u, or more speciﬁcally v which appears in u, when G; or H; have zero rows. I
require that ul® is not estimated. All the u}® are ﬁxed values. The u? may be estimated or more specifically
there may be v in uf that are estimated; ud = f T Du V.

For the constrained u update equation with deternunlstlc x’s takes the following form. It is similar to
the unconstrained update equation except that that a part from the y part of the likelihood now appears:

T -1 T
Vjt+1 = (Z(AZQRtAt72 + A;;QtAtA)) X (Z (AZQRtAt,l + AZ4QtAt,3>> (203)

t=1 t=1

Conceptually, I think the approach described here is the similar to the approach presented in section 4.2.5
of (Harvey, 1989), but it is more general because it deals with the case where some u elements are shared
(linear functions of some set of shared values), possibly across deterministic and stochastic elements. Also, I
present it here within the context of the EM algorithm, so solving for the maximum-likelihood u appears in
the context of maximizing ¥+ with respect to u for the update equation at iteration j + 1.

8.3.1 u® is not estimated

When u(® is not estimated (since it is at some user defined value via D,, and f,,), the part we are estimating,
u™, only appears in the z part of the likelihood. The update equation for u remains equation 97.

8.3.2 u‘ is estimated

The derivation of the update equation proceeds as usual. We need to take the partial derivative of ¥+
(equation 195) holding everything constant except v, elements of which might appear in both uf and u$ (but
not u?* since I require that u’® has no estimated elements).

The expected log-likelihood takes the following form, where ¢ is the time where the initial state is defined
(t=0ort=1):

T
1
\IJ"‘: 521: Atl—AtQU) Rt(Atl—AtQ’U —*ZlOg|Rt
204
—fz (Ao — D) QAo — Ag o) — Zlogmzt (204
to+1 t0+1

1 1 n
—5(X1g = &) "L(Xy, —€) — 5 log [A] —  log2r
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L=F A 'F. If x, is treated as fixed, F is all zero and the line with L drops out. If some but not all z;,
are treated as fixed, then only the stochastic rows appear in the last line. In any case, the last line does not
contain v, thus when we do the partial differentiation with respect to v, this line drops out.
The A terms are defined as:
Ary =5, = Zi(L, = I)%, — ZeIY (B E[X, ] +£7) —
Ay = Z,1/D;
Aty 3 = Omx1
Arg =% —By(Ln — T )% 1 —BI{ (B E[X ] +£_1) — f1u (205)
Afo, = m><mD1 u
Apg =Dy +By I D

E[X) = (L — L&, + I&%)

If, B}, f;*, and D} are defined in equation 190. The values of these at ¢ is special so that the math works
out. The expectation (E) has been subsumed into the As since Ay and A4 do not involve X or Y, so terms
like X " X never appear.

Take the derivative of this with respect to v and arrive at:

T
Vjt1 = ZAt 1QeA 4 +2At thAm (ZAl PLOIVANE: JrZAt TRy A 1)> (206)

t=1 t=1 t=1
8.4 £ update equation
8.4.1 £ is stochastic
(0)

This means that none of the rows of F (in F)) are zero, so I}
to a constrained version of the classic £ update equation:

is all zero and the update equation reduces

P11 = (D{A7'De) 'D{ATN(EX,,] - fe) (207)

8.4.2 5(0) is not estimated

When 5(0) is not estimated (because you fixed it as some value), we do not need to take the partial derivative

with respect to E(O) since we will not be estimating it. Thus the update equation is unchanged from the
constrained update equation.

8.4.3 5(0) is estimated

Using the same approach as for u update equation, we take the derivative of 195 with respect to p where
& =f¢+D¢p. U" will take the following form:

Ut =

T
1
(Ars — Arep) 'Ri(Ars — Asgp) — 3 Zlog IR

ol e
M=

o~
Il
_

(Arz = Arsp) " Qu(Arr — Arsp) — = Zlog Q| (208)

M=

o~
Il
—

(E[X4,] — f¢ — Dep) "L(E[X,,] — f¢ — D¢p) — 5 log Al

|
m\zw\H M\H
-
o
0]
N
S
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The A’s are defined as follows using E[X ] = (I, — Il(o))ito + Il(O)E where it appears in I9 E[X,].

Ars = — Zo(Ly — ID%e — Z,T (B (L — 1), +10Fe) +u;) — a
Avs = Z,19B; 1D,
Aty = Omx1
Apz =% = By(Ly — I )%t — B (B (L — I)&, + 1) +uf_y) —u,  (209)
Ay g = OpxmDe
Aus =BJIL B 1VD,
u; = f; + Djv

The expectation can be pulled inside the As since the As in front of p do not involve X or Y.
Take the derivative of this with respect to p and arrive at:

T T

t=1 t=1

- B (210)
(Z Al QA7+ ) AR A, 5+ D{L(E[X,,] - f5)>

t=1 t=1

8.4.4 When H; has 0 rows in addition to G;

When H; has all zero rows, some of the p or v may constrained by the model, but these constraints do not
appear in T since R; zeros out those constraints. For example, if H; is all zeros and z; = £, then £ is
constrained to equal Z~' (¥, — a;).

The model needs to be internally consistent and we need to be able to estimate all the p and the v. Rather
than try to estimate the correct p and v to ensure internal consistency of the model with the data when
some of the H; have 0 rows, I test by running the Kalman filter with the degenerate variance modification
(in particular the modification for F with zero rows is critical) before starting the EM algorithm. Then I
test that y, — Z;x; — a; is all zeros. If it is not, within machine accuracy, then there is a problem. This is
reported and the algorithm stopped??

I also test that (23:1 AZSQtAt,S + 23:1 A%RtAtﬁ + Dg]LDg) is invertible to ensure that all the p can
be solved for, and I test that (Zthl AZ4QtAt,4 + Zthl AI;RtAw) is invertible so that all the v can be
solved for. If errors are present, they should be apparent in iteration 1, are reported and the EM algorithm
stopped.

8.5 B update equation for degenerate models

I do not have an update equation for B(’) and for now, I side-step this problem by requiring that any B
terms are fixed.

9 Kalman filter and smoother modifications for degenerate models

9.1 Modifications due to degenerate R and Q

[1/1/2012 note. These modifications mainly have to do with inverses that appear in the Shumway and
Stoffer’s presentation of the Kalman filter. The MARSS package uses Koopman’s smoother algorithm which
avoids these inverses altogether however these appear in the MARSSkfss() function (the Shumway and Stoffer
implementation).|

In principle, when either G;Q, or H;R; has zero rows, the standard Kalman filter/smoother equations
would still work and provide the correct state outputs and likelihood. In practice however errors will be

22In some cases, it is easy to determine the correct £. For example, when Hy is all zero rows, tg = 1 and there is no missing
data at time ¢t =1, £ = Z*(y; — a1), where Z* is the pseudoinverse. One would want to use the SVD pseudoinverse calculation
in case Z leads to an under-constrained system (some of the singular values of Z are 0).
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generated because under certain situations, one of the matrix inverses in the Kalman filter /smoother equations
will involve a matrix with a zero on the diagonal and this will lead to the computer code throwing an error.

When H;R; has zero rows, problems arise in the Kalman update part of the Kalman filter. The Kalman
gain is

K=V, '(Z;) " (Z;Vi ' (2Z;)" + H.RyH])™! (211)

Here, Z; is the missing values modified Z; matrix with the i-th rows zero-ed out if the i-th element of y, is
missing (section 6.1, equation 145). Thus if the i-th element of y, is missing and the i-th row of H; is zero,
the (4,1) element of (Z;V! " (Z;)T + H,R;H, ) will be zero also and one cannot take its inverse. In addition,
if the initial value 2, is treated as fixed but unknown then V9 will be a m x m matrix of zeros. Again in this
situation (Z;V! '(Z;)T + H;R;H, ) will have zeros at any (i,i) elements where the i-th row of H; is also
Zero.

The first case, where zeros on the diagonal arise due to missing values in the data, can be solved using
the matrix which pulls out the rows and columns corresponding to the non-missing values (le)). Replace
(Z;vi 2z + HtRZ‘H:)fl in equation 211 with

@@V zviiz)T +/1HRH) )T el (212)

Wrapping in le)(ﬂgl))T gets rid of all the zero rows/columns in Z;V;fl(Z;)T + HtRthT, and the matrix
is reassembled with the zero rows/columns reinserted by wrapping in (le))Tﬂgl). This works because R} is
the missing values modified R (section 1.3) and is block diagonal across the i and non-i rows/columns, and
Z, has the i-columns zero-ed out. Thus removing the i columns and rows before taking the inverse has no
effect on the product Z;(...)"!. When V(l) =0, set K; = 0 without computing the inverse (see equation 211
where V(l) appears on the left).

There is also a numerical issue to deal with. When the i-th row of H; is zero, some of the elements of
z; may be completely specified (fully known) given y,. Let’s call these fully known elements of x;, the k-th
clements. In this case, the k-th row and column of V! must be zero because given (i), x;(k) is known
(is fixed) and its variance, V(k, k), is zero. Because K; is computed using a numerical estimate of the
inverse, the standard V! update equation (which uses K;) will cause these elements to be close to zero but
not precisely zero, and they may even be slightly negative on the diagonal. This will cause serious problems
when the Kalman filter output is passed on to the EM algorithm. Thus after Vi is computed using the
normal Kalman update equation, we will want to explicitly zero out the k rows and columns in the filter.

When G; has zero rows, then we might also have similar numerical errors in J in the Kalman smoother.
The J equation is

3= VEB] Wi

213
where VI~ = B,VI_1B/ + G;Q,G/ (213)

If there are zeros on the diagonals of (A and/or B;) and zero rows in G; and these zeros line up, then if the
BEO) and B(T1 ) elements in B, are blocks?3, there will be zeros on the diagonal of Vi. Thus there will be zeros
on the diagonal of Vi_l and it cannot be inverted. In this case, the corresponding elements of VtT need to
be zero since what’s happening is that those elements are deterministic and thus have 0 variance.

We want to catch these zero variances in V™' so that we can take the inverse. Note that this can only
happen when there are zeros on the diagonal of G;Q,G, since B,V!" B, can never be negative on the
diagonal since B;B, must be positive-definite and so is V:"1. The basic idea is the same as above. We
replace (V1) =1 with:

(@) T (@, vH@b)T) e, (214)

where Q, is a matrix that removes all the positive V!~! rows analogous to Q,gl).

23This means the following. Let the rows where the diagonal elements in Q equal zero be denoted i and the the rows where
there are non-zero diagonals be denoted j. The B,EO) elements are the B elements where both row and column are in i. The

Bgl) elements are the B elements where both row and column are in j. If the B§°) and Bgl) elements in B are blocks, this
means all the B¢ (4, j) are 0; no deterministic components interact with the stochastic components.
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9.2 Modifications due to fixed initial states

When the initial state of z is fixed, then it is a bit like A = 0 although actually A does not appear in the
model and £ has a different interpretation.

When the initial state of & is treated as stochastic, then if ¢y = 0, £ is the expected value of &y conditioned
on no data. In the Kalman filter this means z3 = ¢ and Vg = A; in words, the expected value of ¢ conditioned
on y, is & and the variance of ) conditioned on y, is A. When ¢y = 1, then £ is the expected value of z;
conditioned on no data. In the Kalman filter this means z{ = ¢ and VY = A. Thus where & and A appear
in the Kalman filter equations is different depending on to; the z¢ and V' initial condition versus the !~
and V!~ initial condition.

When some or all of the x;, are fixed, denoted the If\o)zto, the fixed values are not a random variables.
While technically speaking, the expected value of a fixed value does not exist, we can think of it as a random
variable with a probability density function with all the weight on the fixed value. Thus I(AO) Elz:] = &
regardless of the data. The data have no information for I(Ao)mto since we fix Ig\o)a:to at Ig\o)f. If tg = 0, we
initialize the Kalman filter as usual with 3 = £ and Vj = FAF ', where the fixed z;, rows correspond to
the zero row/columns in FAF . The Kalman filter will return the correct expectations even when some of
the diagonals of HRH' or GQG " are 0—with the constraint that we have no purely deterministic elements
in the model (meaning there are no errors terms from either R or Q).

When tg = 1, IE\O):I:(lJ and Il(o)m% = £ regardless of the data and VY = FAF ' and V! = FAF ', where the

fixed rows of &1 correspond with the 0 row/columns in FAFT. We also set IE\O)Kl, meaning the rows of &

that are fixed, to all zero because K; is the information in y, regarding #; and there is no information in
the data regarding the values of x; that are fixed to equal Ig\o)ﬁ .

With Vi, x} and K; set to their correct initial values, the normal Kalman filter equations will work fine.
However it is possible for the data at ¢ = 1 to be inconsistent with the model if the rows of y; corresponding
to any zero row/columns in ZlFAFTZ1r + H1R1H1r are not equal to Z,& + a;. Here is a trivial example,
let the model be x; = x;_1 + wy, y; = x4, x1 = 1. Then if y; is anything except 1, the model is impossible.
Technically, the likelihood of x; conditioned on Y7 = y; does not exist since neither x1 nor y; are realizations
of a random variable (since they are fixed), so when the likelihood is computed using the innovations form
of the likelihood, the t = 1 does not appear, at least for those y,; corresponding to any zero row/columns
in ZlFAFTZI + HlRle. Thus these internal inconsistencies would neither provoke an error nor cause
Inf to be returned for the likelihood. In the MARSS package, the Kalman filter has been modified to return
LL=Inf and an error.

10 Summary of requirements for degenerate models

Below are discussed the update equations for the different parameters. Here I summarize the constraints that
are scattered throughout these subsections. These requirements are coded into the function MARSSkem-
check() in the MARSS package but some tests must be repeated in the function degen.test(), which tests if
any of the R or Q diagonals can be set to zero if it appears they are going to zero. A model that is allowed
when R and Q are non-zero, might be disallowed if R or Q diagonals were to be set to zero. degen.test()
does this check.

o I, ® I(TO)ZtIC(IO))Dt7b, is all zeros. If there is a all zero row in H; and it is linked (through Z) to a
all zero row in Gy, then the corresponding B; elements are fixed instead of estimated. Corresponding
B rows means those rows in B where there is a non-zero column in Z. We need ISO)ZtI((IO)Bt to only

specify fixed B; elements, which means vec(Ian)ZtIfzo)BtIm) only specifies fixed values. This in turn
leads to the condition above. MARSSkemcheck()

o (I) ® IgO)ZtI((ZO))Dt,u is all zeros; if there is a all zero row in H; and it is linked (through Z;) to a all
zero row in Gy, then the corresponding u; elements are fixed instead of estimated. MARSSkemcheck()

o (I, ® I§,0>)Dt7z, where is all zeros; if ¥ has no observation error, then the corresponding Z; rows are

fixed values. (I, ® I§,°>) is a diagonal matrix with 1s for the rows of D, . that correspond to elements
of Z; on the R = 0 rows. MARSSkemcheck()
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(I ®I£O))Dt7a is all zeros; if y has no observation error, then the corresponding a; rows are fixed values.
MARSSkemcheck()

o (I, ® I((IO))D“, is all zeros. This means B(?) (the whole row) is fixed. While B? could potentially be
estimated potentially, my derivation assumes it is not. MARSSkemcheck()

o (I ®szt>m)Dt,u is all zeros. This means u® is fixed. Here is is defined as those rows that are indirectly
stochastic at time m, where m is the dimension of B; it can take up to m steps for the is rows to be
connected to the s rows through B. MARSSkemcheck()

o If u® or 5(0) are being estimated, then the adjacency matrices defined by B; # 0 are not time-
varying. This means that the locations of the Os in B; are not changing over time. B; however may be
time-varying. MARSSkemcheck()

. I((]O) and Igo) are time invariant (an imposed assumption). This means that the location of the 0 rows in
G; and H; (and thus in w; and v;) are not changing through time. It would be easy enough to allow
Iﬁo) to be time varying, but to make my derivation easier, I assume it is time constant.

. z§°) in E[YEO)] = ZEO) E[X:] + a,EO) does not imply an over-determined system of equations. Because
the v; rows are zero for the (0) rows of y, it must be possible for this equality to hold. This means that
z§°) cannot specify an over-determined system although an underdetermined system is ok. The check
is in MARSSkfss() since the fully-specified = need to be known for the MARSSkfss() filter. If Zgo) is
square, its inverse is attempted and if that throws and error an error is reported (re over-constrained
model). The function to find the fully determined z is fully.det.x() in the utility functions.

e The state process cannot be over-determined via constraints imposed from the deterministic observation
process (R = 0) and the deterministic state process (Q = 0). If this is the case the Kalman gain equation
(in the Kalman filter) will throw an error. Checked in MARSS() via call to MARSSK{() before fitting
call; degen.test(), in MARSSkem() will also test via MARSSkf call if some R or Q are attempted to be
set to 0. If B or Z changes during kem or optim iterations such that this constraint does not hold, then
algorithm will exit with an error message.

e The location of the Os in B are time-invariant. The B can be time-varying but not the location of Os.
Also, I want B to be such that once a row becomes indirectly stochastic is stays that way. For example,
if B= [(1] (1)], then row 2 flips back and forth from being indirectly stochastic to deterministic.

The dimension of the identity matrices in the above constraints is given by the subscript on I except when
it is implicit.

11 Implementation comments

The EM algorithm is a hill-climbing algorithm and like all hill-climbing algorithms it can get stuck on local
maxima. There are a number approaches to doing a pre-search of the initial conditions space, but a brute force
random Monte Carol search appears to work well (Biernacki et al., 2003). It is slow, but normally sufficient.
However an initial conditions search should be done before reporting final estimates for an analysis. In
our papers on the distributional properties of MARSS parameter estimates, we rarely found that an initial
conditions search changed the estimates—except in cases where Z and B are estimated as unconstrained and
as the fraction of missing data in the data set became large.

The EM algorithm will quickly home in on parameter estimates that are close to the maximum, but once
the values are close, the EM algorithm can slow to a crawl. Some researchers start with an EM algorithm
to get close to the maximum-likelihood parameters and then switch to a quasi-Newton method for the final
search. In many ecological applications, parameter estimates that differ by less than 3 decimal places are for
all practical purposes the same. Thus we have not used the quasi-Newton final search.

Shumway and Stoffer (2006; chapter 6) imply in their discussion of the EM algorithm that both & and A
can be estimated, though not simultaneously. Harvey (1989), in contrast, discusses that there are only two
allowable cases for the initial conditions: 1) fixed but unknown and 2) a initial condition set as a prior. In
case 1, £ is o (or 1) and is then estimated as a parameter; A is held fixed at 0. In case 2, & and A specify
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the mean and variance of X (or X ;) respectively. Neither are estimated; instead, they are specified as part
of the model.

As mentioned in the introduction, misspecification of the prior on xy can have catastrophic and unde-
tectable effects on your parameter estimates. For many MARSS models, you will never see this problem.
However, if you are fitting models that imply a correlation structure between the hidden states, i.e., the
variance-covariance matrix of the X’s is not diagonal, then your prior can definitely create problems if it
does not have the same correlation structure as that implied by your MLE model. A common default is to use
a prior with a diagonal variance-covariance matrix. This can lead to serious problems if the implied variance-
covariance of the X’s is not diagonal. A diffuse prior does not get around this since it has a correlation
structure also even if it has infinite variance.

One way you can detect that you have a problem is to start the EM algorithm at the outputs from a
Newton-esque algorithm. If the EM estimates diverge and the likelihood drops, you have a problem. Here
are a few suggestions for getting around the problem:

e Treat g as an estimated parameter and set V=0. If the model is not stable going backwards in time,
then treat x; as the estimated parameter; this will allow the data to constrain the z; estimate (since
there is no data at ¢ = 0, o has no data to constrain it).

e Try a diffuse prior, but first read the info in the KFAS R package about diffuse priors since MARSS uses
the KFAS implementation. In particular, note that you will still be imposing an information on the
correlation structure using a diffuse prior; whatever Vy you use is telling the algorithm what correlation
structure to use. If there is a mismatch between the correlation structure in the prior and the correlation
structure implied by the MLE model, you will not be escaping the prior problem. But sometimes you
will know your implied correlation structure. For example, you may know that the ’s are independent
or you may be able to solve for the stationary distribution a priori if your stationary distribution is not
a function of the parameters you are trying to estimate. Other times you are estimating a parameter
that determines the correlation structure (like B) and you will not know a priori what the correlation
structure is.

In some cases, the update equation for one parameter needs other parameters. Technically, the Kalman
filter /smoother should be run between each parameter update, however following Ghahramani and Hinton
(1996) the default MARSS algorithm skips this step (unless the user sets control$safe=TRUE) and each
updated parameter is used for subsequent update equations. If you see warnings that the log-likelihood
drops, then try setting control$safe=TRUE. This will increase computation time greatly.

12 MARSS R package

R code for the Kalman filter, Kalman smoother, and EM algorithm is provided as a separate R package,
MARSS, available on CRAN (https://CRAN.R-project.org/package=MARSS). MARSS was developed by
Elizabeth Holmes, Eric Ward and Kellie Wills and provides maximum-likelihood estimation and model-
selection for both unconstrained and constrained MARSS models. The package contains a detailed user
guide which shows various applications. In addition to model fitting via the EM algorithm, the package
provides algorithms for bootstrapping, confidence intervals, auxiliary residuals, and model selection criteria.
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